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Transition to chaos in a parametrically forced damped
pendulum
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I ME

AFE FAY 5 30T dolrh Q) ) Boll A& m3 AV 2aigles TS0l A
Fol acl AEF7H 1) JARTFH (1) & 7H0e o Loluhe thopst 9oty Hay
= tial Bt 29 1M E AW S8 44 0ol g8 $2oz Axse=
AFTEHE 7H3kd EFole) A AF47h Azt wat 27)Ho 2 Wald Uoh o
A ol e T8 ole WEH S 2A B4 Bt RET([1-3]. ol Wew S 2A 7t
H EE019 5 WHAL e 2k

é+79+(w§——Acost)sin0=O. (1)

A71A b= R o)1, 4= HHRZSF oI, wo(= /g/l)E v A4 AFFoln, A=
a/lolth. & (1) X § - 27z, t — 2rt= 2 3H gg-3) go] "} [1-3]):

& + 2my& + 27 (wg — Acos 2rt) sin 2rz = 0. (2)

A71M A% WE ro} BEWSF 4, wosh AL Expo|t),

m

Fig. 1. A parametrically forced damped pendulum.



e A g EEole e BolA Tk v) S thoFs TG AL HAZE
AF A€ HFE A7A F7HA0A 71, 3715 Q Bl (periodic attractor)ol X TE
7M(chaotic attractor)29] Ho|, M2 t}& 259 Trlo) T2 AE & E(transient
chaos) Fol £AH e 2 [4-6] 221 4 Ho 2 [7] o]n] WAS N} T3 oo &
S A% BIME BT 221} A8 Z O F7HAA 74 o] M9 Aol B
T UND A2 S FHRE TYRH ASo| vy}
ol REWS ZA| 4] TEolNA FYA (z,2) = (0,0)9] Ao Ane Az
d Wyl da) 9 24e £ A7 0. By MY dgye e ge 74
Mathieu 3784 o2 d2id Mg Wg4 o) o8 YA}

o},

o

&+ 27y + 4r?(wi — A cos 27t)z = 0. (3)

7 = 0% ¥1Zk] B4l Mathieu 849 P4 GAA ATk [10,11]. wo - A
RelA BYe BAde dde Bds o2 Bas) ol Rttt o] e YEe
S(tongue)ol 2zt wgkr) ol “s”2} BT (FEH [11]2) 27 T-58 BAIL).
EE (wo,4) = (5,0)°04 R4 FHo] dojubnz, 2} de A4 nog 2qgs
B = Aok 28y # 09 F4 A9ole ndA BeEs FHo] Yojipy) Sk
A 02T 2 EE3h(threshold value) A (n)o] BasIT} [1-3]. n& WH Z7HAA 7@
An)9l ZE T3 FI1BHRTEY [2)9] 29 100¢ BAL).

IFAME $4 FP7le B=7)(Poincaré map)& U8 Foll Z7|AEe] oy A
I EE GdR B2l st otk [I-NXNE v = 0.19] H2o] AS FE3E
2 #eR FIFRMIE A Ushus Y9 4T AnE 42Y A gs gae
o #4| Mathieu 84 (3)ollAe A AG G BAYI A Ho] aka) W o}
HEIT &, AR F7HA 1, Y de B ol Al AL BEEs ¢
**®(resurrections)” W4-& BT} o] BYPo] HLNE weoll Wty 2UA £



HE A RLUE BN BAAAAAD, 2 FREE HI YA SsSB4
HE Mo A NS BT, 2UA Fouiske 2A B2 YL W} HEA
A= AP L DR A Aok B 2 2UA ALY B9 £2o) olze B
LS FI7EL Haket dojdr). wely, AR Z7HAA JHE Zoluvte £ EE
o7k 793] WiEsA Uojdrh oL 9F B Fr|H7E B8 TEA| F= |
Y BT O B FA T8Ol A% [12]9 dzED. 283 VA E YA
Mol YA FH A¥L =3l nixgto s VA AEL Ya

IL ZAsta) BojofA F7|H T oM, HUR X 2lofzez x|4

ol BollMe 4 E27 ol &(Floquet theory)& MA] WM FA) gl EEo|9)
FA7r =Tl 2715 S =9tk 28D ¢ gl 2 AT A
Y BEHE T 2ob T X X)4(Lyapunov exponent)& =3c}.

22 32 B (2)€ T 2L Tl 1t JuE wHAo T Y 4 Yok

&=y, (4a)

¥y = —2myy — 2n(w? — Acos 27t)sin2rz. (4b)

R HAF 2712 (= (2(0), 5(0))]N D52 FY7h B=r1E S olat
ARbt=m (m =1,2,3,...)ol M9 Johiis: 2, Aol & ATk, 231 2,0 (VS

AlZE) F4H BESE B8 2400 HE AL zpnpr = P(zn)2 E7)%0}

FoY7He E=r) P& w3 A(inversion symmetry)-& 7} ¢t}
SPS(z) = P(2). (5)

A7 2 = (z,y)olm, S& LHN g DA (§(2) = —2). P9 A= {zm}e] Sel



dal Edold gAA T Bk Wol, M2 gE Aed A g Axa) Ran
ol ¢ X27} “FX” =7} "t

F71 ¢ A=(PU(20) = 20, Pi(20) # 20, 1 <7 < g —1)9] AFF Aol thaf 24
3 Bah 74 Phe kY FYvtel B=r)@ A ujgit). 2rA50) Ay gL
Pig A=Y 2o thal AP BY DPI(z)ol 2six 2AAD 7|4 888 DPI=
ER2F) ol8& A vk ATl Y HY2E PHAL o F7] B HRaW 7
T 4 Aok [13).

7] ¢ A=l dg3te 2 A HE 2*(t) = 2°(t + ¢) 33, o] A= u
& AF[(82(t), 8y(1))]& 7t 2Y A=) FBAHL BABTY. 4 (4)8 o] DA =
3 A abd Ogn gL A4 dg 5 Uk

0 1
J(t) = ( ) : (7
—4n*(w? — Acos2mz*(t) —27my

A7IM JE F71 9 2x2 Yotk M2 SYAHA A=Z 9H w!()9 w?(t) 2 o] Fof
A YE W(t) = (w'(t), w?(t))& 4 (6)°) 7I& 3 8 H(fundamental solution matrix)
olz} 39, 7] ¢l Alel Ut e TS 2L YE2 FolAk:

§z(t) _wi 52(0) | -
6y(1) 6y(0)

471 W(0)E 2 x 2 @99 E Jojtk. AAAHoz §F DPg Tl Exle a1
W(g)& T3h= EAH Z8¢ 4 (3)28H ¢ 4 Utk 4 (8)& 4 (6)o] AAsHA #
23t g3 o] "k



€ 3 F7] ¢ ’-ﬂ-ﬁ’:']’ﬁ BE M =DP'g 7% 4+ Urh
BE M 2/IE, X)E HBAY <9 (stability multlphers)E} B2 o] ¢t
A

A2 —trM X +det M = 0. (10)

A7 trM 3} det M-& M 2] 33 (trace)=t ¥ #|(determinant)o]t}. 283 detM L
OEd &2 FHoz T [14]:

det M = eJo' trJet (11)
ol Aol trJ = —27y8 Y3td oo go] P}
det M = ¢=2™9, (12)

wEHA, FYFH BE7) PE 8 E=7)(Hénon map) [15] Z-%-9} go] ofmu|Qt 5y F
#l(Jacobian determinant) gkol 44Ql 239 &Fol=]7] B 7)o]c}.

T2l A= MY 78 BagHoY wgo] ¢-™iQl Yo} A2 9o =)
doh. o] B S50l EY(unit circle) Sl EAY W ZrATE T 9
FA7H B=7] PAX F7HE) HHAH 550 294 $0E old & Qe A=
S ATS ol flonz Hopf 2L dol'd & gt} waty, Z7A5e] <A
T AFRgolA oE B £57 — 180 AL 180 AF o YojwaA

&5 okZBIt WHA e e 234 FolRA| Y] BEv|o M 27 A5 o LEEE B
3] AsiM, thE3 gol FelE & o Waly 449 Rol ==Y [16].

1+ detM — trM
= . 13
k 2(1 + detM) (13)
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A71M RE fr(residue)2tn R8T} S/ AEE0 < R < 1 7ol GAsm, o 2
A R =03 1914 g4 %—?—%% 2z} 13} —10] €} Ro| 03} 1914 FrA=E &
LBAAEA 8 71=2] B2PL s Gt

Rol 0xet ZolA® b4 miri(saddle-node) 42%, W3 1H (transcritical) 42
Y 294 2= MF YA 23 42Y So) Yojuth obgniy A2y Ao ohys
FIHES EAFY FIAE7} %8 o) T8 Uil Bt} 23 28 BA W o
%A(solid line)© 2 \Jehd HH ¢ A= 9} thA| H(dashed line)© 2 L}ERY Bk et 4
E7AE o1F3 gl ol # LY hgrit) Audole gtk a8)m 1y 3, 4,

SAME AEY AEE A4, BT ARE A Moz e,
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Fig. 2. A saddle-node bifurcation. The solid and dashed
lines denote stable and unstable orbits, respectively.

HHIH B DY AR AT} F99) 2L =)o Boryal A= Tt A ¢t
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o

£33, 244 2A B2YY Aol 2Y 4(a)dlM S Bo] ZrAEs} A A
BN 2L F718 2t M2 OE S-S A= S5} Yehgr WA, 29 4(b)oll A
A FIIAET F999] 2L F718 e B0 AE e FrstaA gy syal
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Fig. 3. A transcritical bifurcation. The solid and dashed
lines represent the same as those in Fig. 2.
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Fig. 4. (a) A supercritical pitchfork bifurcation. (b) A subcritical
pitchfork bifurcation. The solid and dashed lines represent the

same as those in Fig. 2.
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F71M7E A 2R 27 A S5 B AR 2)uiskE PR AESF s R0
o 38 5(a)& FI1AES BUANAAA oo E A A0l % DE(solid
circles)|7t el 294 717t 42 & RAZ T Stk W), FA S} 29
o B Fo7} AEE FroARA BRI AT R MFYA TN 42
olg gtk 28 5(b)& F71AEs BT F71u)7} AE[LY LE(open circles)| &
FHouM BbsAE HE YA 2007 B 2Ye Bz T k.
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Fig. 5. (a) A supercritical period-doubling bifurcation. (b) A
subcritical period-doubling bifurcation. The solid and dashed
lines represent the same as those in Fig. 2. Moreover, solid
and open circles denote stable and unstable orbits of period
2, respectively.

FYotel L=5] PoA oF AR {z,]9 AlLe A4e 2H AESe) B
A¢H PHEE JENIT (18], TS DolExX N4 013, oy (00 > 0g)7h 2
0. TS0l Y Fysle] B=r] §F(DP)e) okmulgt PP ro] Adoln
2(detDP = e72™) F7)9] glo} L X 4= T3} 2L BA AP 0y 40y =
—2my. 7] AEAH 20 27] 4T 6208 71311, AEE wel 620 tha) DPE wHi s



X G 62,9 27 dp(= |62m])€ DAY & Yt 2™ A RE 27| ek
ASE dsl, A BolT T x4 52 78 4 Uk

oy = lim —-l—ln-(-i—— (14)
m—oo M d()

010l ol EEH E(chaotic orbit), £4=0] % 7 = (regular orbit)a} F &

IIL. ots F2)647t 2EH0|

ol WolME WeHs ZA 74 EENM v = 0.19 W wed A4S WEHAF A
FYHe) FHAYT DAY ALY ol B8 B sk P weol A AR 27
AA 7R Fo)7tg B¢ TEHOYL TaE] wE A Yoluth oW WAL 07
gl F717HE B8 TEMIE B 139 Bmslu OE 24 2A T80] [12) A%
o £2 zE olBT.

OY 62 wo-A BREolM FYFol e YY) XS etk o] By =X

43 Be BASH BARY JASTH I o) Y 9oz 7oA 3
o o714 B JHL 879 mont BolA “s’e} RETh EY, ol e HEL
AT JAE Alolol T3 2bzt oMM ZAULL VW, 4 = 0 o HZH Aol
(wo, A) = (2,014 RgWS FFo] Yolhu 2, 2} HE A5 noz 718 & AT
[1-3,10,11). 22t} 5 # 09 4] Aol il Bgus FFo] Yolur] A8 0
Boh & B A(n)o] BRI} [1-3]. A7 ng W2 Z7AA 7HE 2 6o1M N T

An)®l @l FH3 ZAEE B 5 AT o] FEE niA HE T,o2 Jeh) A,

A7} B7hgtel met 2 T, &0 2 71eRA T, slel oAl ek walA o)
o wool A FFE AG YT BARE AQ Qo] Mol sFEN ZAA B} =, A
AANA AR, FYAL BAAH T O PHE NEIE e AL BE

rlr

=
3}



A =, ol2id “R8” datoll tial & o] AMBHA 7lestnzt s},
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Fig. 6. Stability diagram of the stationary point. T, represents

the instability region of order n. The solid and dashed or dott-
ed curves denote super and subcritical bifurcation curves, re-
spectively. The solid and open circles represent the accum-
ulation points of period-doubling bifurcations. For other details,
see the text.

2z & e} BANA dojuhe #EHL nol ¥4 A5kl whal thE ¥Ae Bt
AN FEA froe F5U B9 R = 190 whs) #4290 HA9olE R = 0o},
2Bz (oM 4B PR, FF(HSF) n 89 AAMNN Fo|w-H2H) 2Hol
doidth. A& €9, 28 6014 Ty Tzl BAML Fo)l7 #2Y THAY v,
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T, AALE 23 42Y FHolth. £4, thA- 7 2 H(dash-dotted curve) S 3
ot A2 E e BT el nol F4(R4) Aeol 49 shte dRsT ge
shie B4R £712(1)Q A7} ol A oA eoldct. oja e ehanit) #2Y
FUE] 2 8o AN i F [wy(n), A(n)] & A FoAH(EA) HRPL
Z29A st MFAA Fo7H2H) BLPo2 UHA "ok =, gl 42y =4
Bol Ty, Ty, T39) AANT thie 3¢ AA2 Q4402 vehd 294 Foust =
€ 29 #2E T3 fAdS gHo 2 Uehd wF YA Mt 2E 29 A2
FHo2 UHA B Al MF YA B2 THAES A Ww(n), A(n)]| 28
*522 AP} NEW(w(n), A(n)]& 71802 F202 A8t @) o9 g
& HEYA BT THY wy(n) < wo < wi(n) FAAN FYHE Faoid] HaYo
Bold 2989 ASE F5tu BHRHIDY. W, gty HuPo s gol
I ASE FURAL Fo7 H2YE Bo) TEHo| B0, olwo YAPE 1
¥ 6ol 9a 452 el

FHAol 2AA F717HLA) LY BN BN Tol, Waws A 7
4 EEol Ae Aoz Frlustg(—e £719) 2718 TA= Zan 2y
MFYA B LA Bole AAM Tl wat 2 Huit T8 Te TE 4y
7t @tk 29 6ol WMo E el Tl ME 19 T(a) o] BYHo] Huty
BLYo2 olu BAYA FH)ATE FSUAN BeHEs Fol, B ZoAE
2 Eel7te o] A4l Y FATE FodL Fo)uj7kE B TEHo|SA 9.
@, A d o2 ehd PelAE 27 7(b)% go] BAWY ATE FEEUA 7
94 [19]¢ S84 vtz ZE4Es) "ok

A€ 398 2A F7NAEA FEPe) R4 DAY 42Y AN ol A
A wooll Tl WU BA R, 2 6014 HAFE AHY Yolo} weol A HYyHe
MEFAA Fo7E 2 YR SAA Hol A AL HESA W) W@
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Fig. 7. Asymptotic states after the instability of the stationary
point via subcritical bifurcations. (@) The stationary point
jumps to the stable 2-periodic orbit for 0,=0.55, whereas (b)

large-scale full chaos appears for ©,=0.6832. For other de-
tails see the text.

R, wooll b FYHol 2UA = WIUA 42U So) Heo= EHebUsx|
A (A& Fo1, wo = 0.5(0.65) N M ZAA(MBYA) 277t #2Ee S8 A
22 FAPANAY), 2 FREE 2UA Folsbe 27 UYL Wo} swA Bet
BT 2 Fo7t B LY S o) BAYHAE Aol BRAS o|u B
29E HEA dAH L Foll 49 & EEBN(small chaotic attractor)7}
UERGTE I3 6914 ol WEL 7 Sl M) YAPEL Yehy T T ol e o
AMECl st minae UL YHPL ¢ 4 AT FEHo T 13U Bxopt o
& 4 A TEol7t 21 I FoPNslE B TEHolss APE YrPoz B
FAL o)L B TEDOIE ASHM WESA €.

dolA 71& ThE Fous TEBOIS R wp = 0.52 Aol Tia) mas Bz}
°l ¢ HYHL 27 8ol bt Aol RiA BAFsE W Ay(1) = 0.100218 - - -
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oogsp -~ U 7 T T
0.04 |- q=2 -
x 0.00 ——J. ............................ -
-0-04 i V
008F ., T, -
0.0 0.1 0.2 0.3

A

Fig. 8. Bifurcation diagram of the first destabilization of the
stationary point with x=0. Here q=2 denotes the period of an
orbit, born via supercritical period-doubling bifurcation. The
solid and dashed lines designate stable and unstable orbits,
respectively.

Holdth. oA slold 7122 AxE BYHP Ao 2a) A8 F/AAL o
™A% (symmetry-breaking) 24 2 HZPL T3 BAAAL I Az 3
712018 M7t FAA el vlthA) A=st Blol it 4714 AB ALSHA F7HAA
7 ¥t AEES 2tz B Fo1uistE St A A(=0.35770984 - )&
A EEW o7t dofdth. olgFwy = 0.59149) #2Y TEE 29 99 = e}
U iokh (28 9ol ME vty AEF shdwhg vehith) 2aln YA B2
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-0.08 L l
4 8

-In(A}-A)

Fig. 9. First bifurcation diagram for ©0,=0.5. The SP2 and ASP2

denote the stable A-ranges of the symmetric and asymmetric
orbits of period 2, respectively. The PN also designates the
stable A-range of the asymmetric periodic orbit with period N

(N=4,8,16).

HAASE 1A Bmy] 399 gon, o Byo] g AT e VA o
g Aol

471 EEHo] Fo| WG MR, 2o} X X 2|4 gy 0] Ygoln) A2 Feoyel
WA e TETANL ZADT £, F U A8 Z7HA1A 19 22t Fe zE B
NE] FASHE A48 BEY F At} dE8S, 28 10(a)& BH, oy = 0.0910]9
VN 22t 2 g99 TEBNZL g5 o] A = 035792 ZAEQL o), 1Y
10(b)ell et AKol, 01 = 0.158019] F Ze| z2bSo| ztzt FAlS o} he] 2zto
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2 olfo TEWHY Wk 2 ol EETASE AV S8 AW A,(1)(~

L o B a— L e e |
(@ ~ ) ~
>0 F - >0 = -
N A : I Pl I
0.0 0.1 0.0 0.1
X X

Fig. 10. Chaotic attractors after the first period-doubling
transition to chaos for (a) A=0.3579 and (b) A=0.3582.

0.3586)E 0} A= BgsiAn, Wy FA B4l o] Ax Hguir] ¥zy
22 "ofd £711¢ 2 WA E(rotational orbit)2 W2 o2 ZastA Hot. o] A
A> A1) GANME 433 Tgs $9%8 ASL BadZn g, A e, 3
Bl ABAHE 2837 A7t o] Gl bgriT) HBYo 2 Hojtk T T
W7F EEH ] FESH M2 T8 BiSc] 325 4 5 BT (158 &
FH ATl g A HE-L ol He] YT [4-9]8 FRIAL.) TU AR § F}
A7 7HE o] Aol AFM B 5 YW BT FREe WAL wAT 4

A7} 378k TN tlade 2 BAE HB YA AALE BHslAET Hage
A AR9E Bshe H A (1)(= 3.150509 -- )l A WZF YA Foui7t oS
T3 A o] AP a9 7(b)e Joz s FLolt) = 27 114 e
HlRel, A7 A(1) € BFEEAN FYHL BHE 7129 ASE BT ¢

S 2ABEA Aot o), HYFPel K4 R 1o] H1 AV} ZI1% 42 P} 28
AT 2UA 2 HLE U F Al(2) = 3.224230 - -o0X R = 07} 5o ThA)



0.002 |-

X 0.000 |-

-0.002 | ~
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-0.004 ba__1 ‘L /T I R
3.15 3.18 321 324
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Fig. 11. Bifurcation diagram of the first resurrection of the
stationary point with x=0. Here q=1(2) denotes the period of
an orbit, born via supercritical pitchfork bifurcation (subcrit-
ical period-doubling bifurcation). The solid and dashed lines
designate stable and unstable orbits, respectively.

WAl Ay(2)A 2UA 2 B2UL T BIAHAT Fo)lo8 H2S} B
A ] MUY ATt Bojdth. o714 Bold Mt AES =3 A7} Z7}H5ol
whet 242k FRAE 2UA Fo10L 4L L ST PAH Ay(=3.26370315 - B £
H3Ha TEA )7 doldth. 09 e wp = 059149 FHA ZadS o |urt 42
HEET I8 1290 F JehY ok 283 A = AF-Zol A 9] JAIATES AEA 9

16



0.002 |-
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0.000

3 7 11
-In(A;-A)

Fig. 12. Second bifurcation diagram for ©,=0.5. The ASP1

and PN denote the stable A-ranges of the asymmetric orbit
of period 1 and N (N=2,4,8,16), respectively.

AR ATR29 AAAST Bon), TEHO FolE 9N e TETAI} S0 o
A A(2)(x 3.263862)7%) EADTE 12 Fo] Pews A 744 BEo] AL oy
P gdEoz dold £712¢ A=E TaART. RuA 8o Beo SYA, A%
A(2) 2T ARE BY ol A YL HEY AR o} Tl Qe HEL
HATT F, A(2)%h FUA BFHE HRIE Y A,(2)(= 10.093985 - ) Abole] o
FANE 714 BANY TEBH2Y Folahert M2 e TS0 2SR
7 2o W4 Sol Yehd)

AZF 378t Tyol A chAl o 2 BAG WEUA AALE Soaii e Bage
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A (20X HZAA 2A A2YE B8l 71010 27} FAQ o] Boby s vl
3 AEEL FESAA E0hA) AASHAT olw) HYHe) § RS 0] BTF. o] T
WHHY BYY EF AZ ASHA 2747 718 Rol AFoz Zred, Thel
YA F717 BT FHE A Ay (3)(= 10.097583 -+ )0l N R = 10] 5o] ] &
WEHAT. 2D A (3)H 2YA Fo7F BLPe B8 25122 B3 ASS} 8
oldtth 13 13¢] o]sh 2 Uw ol HHol & Lpeht Utk oA Blold 271241 4

0.00006 [~ ‘ -

= 0.00000 -*

-0.00006 - % -
g i 3 [ 1 ]

10.093 10.095 10.097 10.099
A

Fig. 13. Bifurcation diagram of the second resurrection of the
stationary point with x=0. Here q=1(2) denotes the period of an
orbit, born via subcritical pitchfork bifurcation (supercritical p-
eriod-doubling bifurcation). The solid and dashed lines stable
and unstable orbits, respectively.
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Fig. 14. Third bifurcation diagram for 0,=0.5. The SP2 and

ASP2 denote the stable A-ranges of the symmetric and
asymmetric orbits of period 2, respectively. The PN also
designates the stable A- range of the asymmetric peri-
odic orbit with period N (N=4,8,16)
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A ARG EC] shte] Mne e THE YAHSE AL B 5 U 2 oA o)A Y
AFHLE0 < wy < wy(n) ToNA s 2ol YxBTh. EH, g 2P =A
AlA Hold I ATER FRAL 2UA Fort 42 YL 8 TEAo| 3.
FAM AR AROl, ol YAFEL AW 952 Yt} ol9 e Ay YSE v
B FHE 999 o3 AR Tl YATHEL w, = wy(n)oll A AZAEF o]
o 2o 2t HellMe YAFHL Ho| QoA vtoz BYsiA W)

[~

4

)

V. FI[uli7t dzglel AHHS

ol AXNE A& 71X wooll ths) F7)u7t BaPe] YAAS S B8 B 312} i},
REHFe] ZHATE WY VY B ol 2|7 YL 3 vetde F
714 A=ES] AESH A5 9§ 2HE (power spectrum)ol tha] &7 st}
o £, $27t AT BE F 9ol 23 AFEL 12 By Fos) qEE
A3t

A2, wo = 0.5U AE A8 B 2 60 AL Al Zo)uist EE=HoH
Ai(: = 1,2,3)0] YehT U} A7 E A} 529 JAA TN Mg 7)|&stnA} &
o ¥, Mol EEHO|Y BIME L YAAES Boly] BE olt}. A 4
BAROL, YA A= Ay(1)NA 2UA 277 R2YL S5 Bty s A EA F
7129 A A= GEPATH Y 88 BAIQ). o] tIYAE E A = 0.335257 - .o A
29 29 42EE B BARHAYL. 2 Az 3] 20]0] Mzsl Beyel Ll
HH Y A=Eol yehdth o714 ALY AR Z7IA A 719 zhzte) vl P A=ES
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YA Aj7HA) FEAE 29A Fo1ul7E B2 e 8 gk o] AA A vEhd F7)
26k = 1,2,3, .- ) Mtk AESo] YA Foi7t #2YL A e A%k At
# 1o FAZT. o] T, F7] 28 vl ATE Al F5 Rt o] Ho 29
A F71e7t 42 d-E B8 BB 223 Aol th ke T 22 Hi(ratio) g A
2}3} =}

Ay — Ay

§, = kT k-1
¢ A1 — Ag

- 6. (15)
HT AJLE FHIY FF §(~4.67)2 FEFL L 5 UTHE 1 BAQ). o gke

¥ 1. Asym{)totically geometric convergence of the parameter values for successive

supercritical PDB’s from an asymmetric 2-periodic orbit.

k Ax Ok

1 0.354163288011

2 0.357022317174 5.286
3 0.357 563 141 135 4.692
4 0.357678400212 4.665
) 0.357703 107 281 4.666
6 0.357 708 401 983 4.668
7 0.357 709536 272 4.670
8 0.357 709779136

1A BE7] oy = f(zm) M) Zh(= 4.669 )3 Z YAJTE AL & 4 3
o [21]. B, +4E {A} 8 258K (superconverging) s A [22] A7(= 0.357 709 845 3)
&E T 5 Uk weba, ve A AEES) Fo7 ol Y £ 129 BEsjdA B
oIE A T WAL oA

21



AR Be=7] follq F7) 26 A=rt A o, A ool Y =28
A= Mg B B, YAY) H2Y 52 olaD A=Y P WS 1)
a=-2502 -2 HY ool @ 2k 21]. A71M 2P e} o] A=A Y =H
F A=A 27 (2W) Aol Holxl tAol the ASHE olst B }AS Bh =
71 A HhY 27 H20 9L AT Vs obg 5ure 2 goth. Fojrte B
7] PO B FUSHA F7] 262 vlth A Alxol tha) A = A,olA 7 2H S A
=3 Abele] ztZo] AU AR W= () yP]g HeaH Yxe 2HAEL &
TaAT. F, (W= (2B y*)jgt P27 (M) xlolg] tAL T AEHS ol B
2 BASHG Ak 4714 FAlle £ (B} (yP) o) gtse E 24 FolFT. o

& 2. Asymtotically geometric convergence of the orbital sequences {z®} and

{y®)}.

k (k) gk y(¥) Qy k
1 0.094 410516 0.719956 679

2 0.088901 931 -1.933 0.738357 722 -3.935
3 0.091 750 680 -3.085 0.733681 177 -2.156
4 0.090 827 396 -2.261 0.735 850 056 -2.717
5 0.091 235660 -2.635 0.735051 829 -2.398
6 0.091 080 705 -2.436 0.735384 746 -2.558
7 0.091 144 315 -2.538 0.735254 611 -2.474
8 0.091119256 0.735 307 206

A oWt yBol) i) 1349 Br=slol ok 2ol Thew 2o uE 4Zai

Az k = ) o % k= —~—~y(k+l) — — o (16)
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BEHE e F Aol 48 2HEYE EHSAT. o5t g = 269 s {20 =
(2, ), m=0,1,... ¢ — 1}ol A A F & oll(Fourier) J8-& t}&7} o] Fol3
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z(k)(wj) = - Z zfnk)e‘i‘“’m. (17)

AZIM w; = 27j/q01T j = 0,1,...,q — 10|tk 29 kol T go] Folg US
=HEY PH(w))Ee BAEHo R 0 = w4 %92l (peak)& WA}

POw;) = 2 (w;) 2. (18)

T E9 (k4 1)olAe) A8 2MERE w; = 20(2) + 1)/20H) (j = 0,..., 25— 1)e]
A (k +1)85 At (generation)s) =& B-$2l7t Uehdeh. 29 ko) AE 2HES
AN AEHA F77t B PYE S FPL 2FHH BE g7 go] & & ok

kooU-1)_g

P = Ppyé(w) +Z Z PB6(w — wy). (19)

J=
A7 PPE w = wyj (= 2n(2 + 1)/2)l A Udehks 18] Al jas 29e8e) =
°olth. dl& €1, 1% 15& Y& 2HEY PO(w)9 A8 B33 ok 8, (WA
At B9 BF wole O3 o] FojATh
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S0 = s 3 BY. (20)
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Fig. 15. Power spectrum P®(w) of level 8 for
A=A8 (=0.357 709 779 136).

A7IM &7 2 A4 HQ HEF EolEY HJ AW gpow SFPcie AL 3
2§ Yotk

260)(1) = ¢®)(1)/¢W(1 + 1). (21)

°olst & Ml E 3o FoiFTh ol ¥ gEo] I3 28 ~ 212 FIsT Yo, |
Y =X gh(=20.96 - )T} A YAV [23]. BEHOoZ H Ao AHE
A 20042 A8 71X YAAFL 13) E=rlolA9} 2L A% S BojFm Q)
S Y8 & ARG
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& 3. Sequence 28%)(1) [= ¢®)(1)/¢®)(I + 1)] of the ratios of the successive average
heights.

k {
3 4 5 6 7
6 19.8 22.5 21.1
7 19.8 22.1 21.2 21.5
8 19.8 22.0 20.7 21.6 21.4
V. 2o

RedF 24 g ESoloN £ BEHS wos AF WA AN FYH
FEET B-E A2 WPl el G Yoo weol A AR Z7HAA 7 H
FHE AL YolvA D ¥k YL AL HEITH A8 ZHAL o F
7IM7HE B EEHOI7E B3] wEA Yojubhe A& ol ATAM B 4 R
dAZE Abdoltt o2 oA ¥ TEAHO|HE 1Y Rur e 7 2l &
ol [12] 3%} F& dx7} Aok, =@, EEHo] HolM9 YA 28 AFo] 1xg &
=719] 3¢9 AP GHE A
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Transition to chaos in a parametrically

forced damped pendulum
Kijin Lee

Department of Physics

Graduate School, Kangwon National University

Abstract

We study bifurcations associated with stability of the lowest stationary point of
aparametrically forced damped pendulum by varying wo (the natural frequency
of the pendulum) and A (the amplitude of the external driving force). As A is in-
creased, the stationary point will restabilize after jts instability, destabilize again,
and so ad infinitum for any given wy. Its destabilizations (restabilizations) occur
via alternating supercritical (subcritical) period-doubling bifurcations (PBD’s)
and pitchfork bifurcations, except the first destabilization at which a supercriti-
cal or subcritical bifurcation takes place depending on the value of wy. For each
case of the supercritical destabilizations, an infinite sequence of PDB’s follows
and leads to chaos. Consequently, an infinite series of period-doubling transi-
tion to chaos appears with increasing A. The critical behaviors at the transition

points are also discussed.
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