
Chapter 6

Quantum Fermi and Photon Gases

6.1 Free-Electron Gas

Firstly, let us consider the limiting case (T=0)

< nr >=
1

eβ(εr−µ) + 1
(β −→∞), r = (

−→
k , s), εr =

~2k2

2m
(6.1)

∴ εr < µ =⇒< nr >= 1, εr > µ =⇒< nr >= 0 (6.2)
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Fermi Energy εF ≡ ~
2k2

F

2m
= µ at T = 0 (6.3)

∑
r

< nr >= N, εr ∝ V −2/3 (6.4)

2 · V

(2π)3 ·
(

4

3
πk3

F

)
= N (6.5)

∴ εF =
~2k2

F

2m
=
~2

2m
·
[
3π2 · N

V

]2/3

=
~2

2m
· [3π2 · n]2/3

(6.6)

Pr = −∂εr

∂V
=

2

3
· εr

V
(6.7)

P =
∑

r

Pr· < nr >=
2

3
· U

V
(6.8)

U =< E > =
∑

r

εr < nr > (6.9)

= 2 ·
∫ kF

0

d3k
(2π)3

V

· ~
2k2

2m
(6.10)

= 2 · V

(2π)3 ·
~2

2m

∫ kF

0
dk · 4πk2 · k2 (6.11)

= 2 · V

2π2 ·
~2

2m

∫ kF

0
dk · k4 (6.12)

= 2 · V

2π2 ·
~2

2m
· k

5
F

5
(6.13)

= 2 · V

10π2 · k3
F · εF =

3N

5
· εF (6.14)

∴ u = U/N =
3

5
εF (6.15)

P(pressure) =
2

3
U/V =

2

5
εF · n, n = N/V (6.16)
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Let’s consider the case (T ≈ 0)

εr ¿ µ =⇒< nr >' 1 (6.17)

εr À µ =⇒< nr >≈ e−β(εr−µ) : classical Maxwell Boltzman dist. (6.18)

εr = µ −→< nr >= 1/2 (6.19)

εr = µ + kBT −→< nr >= 0.27 (6.20)

εr = µ− kBT −→< nr >= 0.73 (6.21)

Qualitative argument (T ∼ 0)

CV =

(
∂U

∂T

)

V

No. of excited particles ≈ N · T
TF

∴ ∆U (total excitation energy above the ground state) (6.22)

o o (6.23)

(N · T

TF
) · (kBT ) (6.24)

∴ CV ∼ N · kB · ( T

TF
) ∝ T (6.25)
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e.g. Conduction electrons in metals

He =
∑

i

−→pi
2

2m
+Hint(e− e) +Hint(e− core) (6.26)

≈
∑

i

−→pi
2

2m
−→ Conduction electrons in metal ≈ free electron gas(6.27)

s� �â
Äº\�, s = ~
2 −→ g(s) = 2

∴ εF =
~2

2m
[3π2n]2/3 = kBTF , n = N/V (6.28)

typical TF of metal?

n ∼ 1023/cm3 : metal −→ TF ∼ 104K − 105K ∼ 1− 10eV (6.29)

∴ at room temperature (300K), T
TF
≈ 10−2 −→ the electron gas is highly

degenerate

6.2 Photon Statistics (Black Body Radiation)

The atoms in the wall of this cavity will constantly emit and absorb electro-

magnetic radiation.
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↓
In equilibrium, there will be a certain amount of electromagnetic radiation

in the cavity, and nothing else.

Note that if the cavity is sufficiently large, the thermodynamic properties of

the radiation should be indep. of the nature of the wall. −→ We can choose

any bdry. condition that is convenient.

��Ä»/BNçß� (no matter) \�"f_� Maxwell ~½Ó&ñ
d��:

−→∇ ×−→E = −1

c
· ∂
−→
B

∂t
,
−→∇ ×−→B =

1

c
· ∂
−→
E

∂t
(6.30)

−→∇ · −→E = 0,
−→∇ · −→B = 0 (6.31)

−→∇ × (
−→∇ ×−→E ) +

1

c

∂

∂t
(
−→∇ ×−→B ) = 0 (6.32)

−→∇ · (−→∇ · −→E )−∇2−→E +
1

c2

∂2−→E
∂t2

= 0 −→ ∇2−→E − 1

c2

∂2−→E
∂t2

= 0 (6.33)

��ðøÍ��t��Ð,∇2−→B − 1

c2

∂2−→B
∂t2

= 0 (6.34)

−→
E =

−→
E0 · ei(

−→
k ·−→r −ωt) −→ k2 =

ω2

c2 −→ ω = ck (dispersion relation) (6.35)

−→
B =

−→
B0 · ei(

−→
k ·−→r −ωt) (6.36)
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−→∇ ×−→E = (
∂Ez

∂y
− ∂Ey

∂z
,
∂Ex

∂z
− ∂Ez

∂x
,
∂Ey

∂x
− ∂Ex

∂y
),

−→
E0 = (E0x, E0y, E0z) (6.37)

= i(E0zky − E0ykz, E0xkz − E0zkx, E0ykx − E0yky)e
i(
−→
k ·−→r −ωt) (6.38)

= i
−→
k ×−→E − 1

c

∂
−→
B

∂t
=

i

c
ω ×−→B = ik

−→
B (6.39)

∴ −→B = k̂ ×−→E (6.40)

−→∇ · −→E = i(Eoxkx + E0yky + E0zkz)e
i(
−→
k ·−→r −ωt) = 0 (6.41)

∴ −→k · −→E = 0 (6.42)

−→∇ · −→B = 0 −→ −→
k · −→B = 0 (6.43)

−→
E (polarization vector) ≡

−→
E0

E0
−→ two indep. polarization (right circularly

polarized, left circularly polarized)

r = (
−→
k ,−→ε ) (6.44)

↓

�����l�����H photons����¦Ô�¦o���H�ª��� (quantum)[þt�Ðs�ÀÒ#Q&����. (Plank)
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photon: Energy=~ω

Momentum=~−→k , k = ω/c

polarization −→ε , |−→ε |=1 &
−→
k · −→ε = 0

∴ �����l���_� �©�I���H photon_� Ì�	Ãº�Ð ����è­q Ãº e����.

photon: indistinguishable, >á¤°ú �Ér (
−→
k ,−→ε ) �©�I�\� �>rF�½+É Ãº e����H photon_�

Ãº\� ]j���s� \O���. −→ photon: boson

Since atoms in the wall can emit and absorb photons, the number of photons

in a cavity is not definite.

r = (
−→
k ,−→ε ), nr : No. of photons in the r-state. (6.45)

const. T & const. V −→ F = F (T, V, N): min. in equilibrium.

In equilibrium, N = N

Then,
(

∂F
∂N

)
N

= 0 −→ µ = 0 −→ z = 1

∴ < nr >=
1

eβεr − 1
, εr = ~ω, r = (

−→
k ,−→ε ) (6.46)

U =
∑

r

~ω < nr > (6.47)

= 2 ·
∑
−→
k

~ω
1

eβ~ω − 1
(6.48)

∑
−→
k

−→ V

(2π)3

∫
d3k =

V

(2π)3

∫
dk4πk2 =

V

2π2c3

∫
dω ω2 (6.49)

∴ U =
V ~
π2c3

∫ ∞

0

ω3

eβ~ω − 1
dω (6.50)

U

V
=

~
π2c3

∫ ∞

0
dω

ω3

eβ~ω − 1
(6.51)

=

∫ ∞

0
dωu(ω, T ), u(ω, T ) =

~
π2c3

ω3

eβ~ω − 1
(6.52)
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u(ω, T ) · dω: energy density due to photons whose frequencies lie bet. ω and

ω + dω −→ radiation formula of Plank

U

V
=

~
π2c3

1

(β~)4

∫ ∞

0
dx

x3

ex − 1
=

(kBT )4

π2c3~3 ·
∫ ∞

0
dx

x3

ex − 1
, x = β~ω (6.53)

u(ω, T )dω = u(x, T )dx, u(x, T ) =
(kBT )4

π2c3~3

x3

ex − 1
(6.54)

(
x3

ex − 1
)
′
=

3x2

ex − 1
− x3ex

(ex − 1)2 =
3x2(ex − 1)− x3ex

(ex − 1)2 = 0 (6.55)

∴ 3(ex − 1)− xex = 0 (6.56)

(3− x) · ex = 3 −→ x ≈ 2.82 (6.57)

7£¤, x = β~ω ≈ 2.82\�"f max −→ ωmax
∼= 2.82× kBT

~

∴ as T increases, ωmax increases
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∫ ∞

0
dx

x3

ex − 1
=

∫ ∞

0
dx · x3 e−x

1− e−x
=

∫ ∞

0
dx · x3e−x(

∞∑

l=0

e−lx) (6.58)

=
∞∑

l=1

∫ ∞

0
dx · x3e−lx (6.59)

=
∞∑

l=1

1

l4

∫ ∞

0
dy · y3e−y, (y = lx) (6.60)

= 6 · ζ(4), ζ(4) =
π4

90
(6.61)

=
π4

15
(6.62)

∴ U

V
=

(kBT )4

π2~3c3 ·
π4

15
=

π2k4
B

15~3c3 · T 4 (6.63)

CV : specific heat per unit volume (6.64)

CV =

(
∂(U/V )

∂T

)

V

=
4π2k4

B

15(~c)3 · T 3 (6.65)

Note that CV is not bounded as T −→∞
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How to check these facts experimentally?

I(T ): the amount of total energy per second per unit area

Φ (No. of particles per unit area per second)=1
4 · n · V

V : {9���_� î̈
ç�H5Åq�̧

n: {9���x9��̧

∴ I(T ) =
1

4
c · U

V
=

π2k4
B

60~3c2T
4 = σ · T 4 : Stephan’s Law (6.66)

σ =
π2k4

B

60~3c2 : Stephan’s const. (6.67)

P (radiation pressure)

U =
∑

r

εr < nr >, εr = ~ω = ~ck, r = (
−→
k ,−→ε ) (6.68)

−→
k =

2π

L
−→n , k2 =

(
2π

L

)2

· n2 −→ k = c · L−1 =
c

V 1/3 (c : const.)(6.69)

∴ εr = const. · V −1/3, Pr = −∂εr

∂V
=

1

3

εr

V
(6.70)

∴ P =
∑

r

Pr· < nr >=
1

3
· U

V
=

π2k4
B

45(~c)3 · T 4 indep. of V (6.71)
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N?

N =
∑

r

< nr >= 2 · V

2π2c3

∫ ∞

0
dω · ω2 · 1

eβ~ω − 1
, (x = β~ω) (6.72)

N =
V

π2c3 ·
1

(β~)3

∫ ∞

0
dx · x2

ex − 1
(6.73)

=
V (kBT )3

π2(~c)3

∫ ∞

0
dx · x2

ex − 1
(6.74)

∫ ∞

0
dx · x2

ex − 1
=

∫ ∞

0
dx · x2e−x(1− e−x)−1 =

∞∑

l=1

∫ ∞

0
dx · x2e−lx, (y = lx) (6.75)

=
∞∑

l=1

l−3
∫ ∞

0
dy · y2e−y (6.76)

= 2 · ζ(3) (6.77)

N = V · 2k3
Bζ(3)

π2(~c)3 · T 3 (6.78)

Can N be a representative value about N?

(∆N)2 = NkBT
N

V
κT (6.79)

κT = − 1

V

(
∂V

∂P

)

T

(6.80)

∂P

∂V
= 0 −→ (κT −→∞) (6.81)

∴ fluctuation can not be neglected

∴ No. of photon is indefinite

C. E.

QB.E. =
∑

{nr},
∑

nr=N

e−β
∑

r nr·εr , nr = 0, 1, 2, · · · (6.82)

↓
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Qph. =
∑

{nr}
e−β

∑
r nr·εr = (

∑
n1

e−βn1ε1)(
∑
n2

e−βn2ε2) · · · (6.83)

=
∏

r

1

1− e−βεr
(6.84)

∴ ln Qph. = −
∑

r

ln(1− e−βεr) (6.85)

< nr > = −1

β

∂ ln Qph.

∂εr
(6.86)

=
1

eβεr − 1
(6.87)

cf. B. E. −→< nr >=
1

eβ(εr−µ) − 1
(6.88)

∴ µ = 0 −→ z = 1 for photon (6.89)
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