
Chapter 4

Grandcanonical Ensemble

4.1 Chemical Diffusive Equilibrium and Chemical Potential

E + E ′ = Et : fixed. (4.1)

V + V ′ = Vt : fixed. (4.2)

N + N ′ = Nt : fixed. (4.3)

St(E, V, N) = S(E, V, N) + S ′(E ′, V ′, N ′) (4.4)

Equilibrium Conditions: St: Max

∂St

∂E
= 0 −→ ∂S

∂E
=

∂S ′

∂E ′ (4.5)

−→ T = T ′ : Thermal Equilibrium (4.6)

∂St

∂V
= 0 −→ ∂S

∂V
=

∂S ′

∂V ′ (4.7)

−→ P = P ′ : Mechanical Equilibrium (4.8)

∂St

∂N
= 0 −→ ∂S

∂N
=

∂S ′

∂N ′ (4.9)
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• Def. Chemical Potential

µ ≡ −T · ∂S

∂N
(4.10)

Note: ∂S
∂N °úכs� 	�H>��� (µ °úכs� ����Ér>�) {9���\�¦ S\�1pqK���, ���Ér>��� {9��Ér

����Ð	כ �8 ú́§�Ér �'pàÔ�Ðx�\�¦ %3�>��)a��.: {9���âì2£§ (µ °úכs� 	�H >�−→ µ

°úכs� ����Ér >� )

µ = µ′ : Chemical Diffusive Equilibrium (4.11)

S = S(E, V, N) (4.12)

−→ dS =
1

T
dE +

P

T
dV − µ

T
dN (4.13)

−→ dE = TdS − PdV + µdN : Thermodynamic 1st Law (4.14)

[−µdN : chemical work] (4.15)

E = E(S, V, N), H = H(S, P, N), F = F (T, V, N), (4.16)

G = G(T, P,N) : Thermodynamic Potentials (4.17)

4.2 Grand Canonical Ensemble

At = A (system) + A′ (ptl-energy reservoir) : isolated

N + N ′ = Nt = fixed, E + E ′ = Et = fixed
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N

Nt
¿ 1,

E

Et
¿ 1

• Equilibrium Conditions

P (E,N) = C Ωt(E, N) = C Ω(E, N) · Ω′(Et − E, Nt −N) (4.18)

What is the most probable state?

P (E, N) : max ⇐⇒ Ωt : max (4.19)

St = kB ln Ωt : max (4.20)

= S(E, N) + S ′(Et − E, Nt −N) (4.21)

∂St

∂E
=

∂S

∂E
− ∂S ′

∂E ′ = 0 −→ ∂S

∂E
=

∂S ′

∂E ′ (4.22)

∂St

∂N
=

∂S

∂N
− ∂S ′

∂N ′ = 0 −→ ∂S

∂N
=

∂S ′

∂N ′ (4.23)

∂S ′

∂E ′ =
1

T ′ ,
∂S ′

∂N ′ = −µ′

T ′ (4.24)

∴ î̈
'���̧|	� : T = T ′, µ = µ′ (4.25)

A′: reservoir −→ E
Et
¿ 1, N

Nt
¿ 1

∴ T ′ = const., µ′ = const. (4.26)

∴ Äºo��� �'ad���̀¦ ¿º��H >� A_� �:r�̧ü< �o�<Æ �íJ$�¶û�s� T ′ü< µ′s� ÷&��� î̈
'��

�©�I�\� �̧²ú��<Ê.

• Probability Distribution in Equilibrium

��&ñ
: >� A_� {9����� N>hs��¦ r�©�I�\� e�����¦ 
���.

Ωt(N, Er(N)) = 1 · Ω′(Nt −N,Et − Er(N)) (4.27)
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Pr(N) = C · Ω′(Et − Er(N), Nt −N) (4.28)

∴ ln Pr(N) = ln C + ln Ω′(Et − Er, Nt −N) (4.29)

≈ const. +
∂ ln Ω′

∂E ′

∣∣∣∣
(Et,Nt)

· (−Er) +
∂ ln Ω′

∂N ′

∣∣∣∣
(Et,Nt)

· (−N) (4.30)

∴ β ≡ ∂ ln Ω′

∂E ′

∣∣∣∣
(Et,Nt)

=
1

kB

∂S ′

∂E ′ =
1

kBT
(4.31)

α ≡ ∂ ln Ω′

∂N ′

∣∣∣∣
(Et,Nt)

=
1

kB

∂S ′

∂N ′ = − µ

kBT
= −βµ (4.32)

∴ Pr(N) = C · e−βEr−αN = C · e−β(Er−µN) [e−β(Er−µN) : Gibbs factor] (4.33)

−→
∞∑

N=0

∑
r

Pr(N) = C ·
∞∑

N=0

e−αN
∑

r

e−βEr(N) (4.34)

= C ·
∞∑

N=0

e−αN · Z(N) = 1 (4.35)

• Def. Grand Partition Function

QG =
∞∑

N=0

eβµNZ(N); Z(N) =
∑

r

e−βEr(N) (4.36)

→ C = 1/QG, Pr(N) = e−β(Er−µN)/QG (4.37)

• Grand Potential

QG =
∞∑

N=0

eβ µ N · Z(N); Z(N) =
∑

r

e−βEr(N) (4.38)

z ≡ eβ µ: absolute activity or fugacity of the system

QG =
∞∑

N=0

zN · Z(T, V,N) (4.39)

Ω(grand potential) = Ω(T, V, µ) (4.40)

≡ F (T, V, N)− µN (4.41)
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dΩ = dF − d(µN) = −SdT − PdV −Ndµ (4.42)

S = −
(

∂Ω

∂T

)

V,µ

, P = −
(

∂Ω

∂V

)

T,µ

, N = −
(

∂Ω

∂µ

)

T,V

(4.43)

S = −kB

∑

(N,r)

Pr(N) · ln Pr(N) (4.44)

↓ Pr(N) =
e−β(Er(N))−µN)

QG
(4.45)

S = −kB

∑

(N,r)

e−β[Er(N)−µN ]

QG
· [−βEr(N) + βµN − ln QG] (4.46)

= βkBE − βµkBN + kB ln QG (4.47)

S = βkBE − βµkBN + kB ln QG (4.48)

↓
F = E − TS = µN − kBT ln QG (4.49)

↓
Ω = F − µN = −kBT ln QG (4.50)

? \P�%i��<Æ&h� �FGô�Ç\�"f��H, \��-t�ü< {9���Ãº ¹1lxכ Áºr� ��0px

−→ QG ' eβµN · Z(N) −→ −kBT ln QG (4.51)

= −kBT ln Z(N)− µN (4.52)

= F − µN (4.53)

= Ω(T, V, µ) (4.54)

• Summary

1) Calculate QG

2) Ω(T, V, µ) = −kBT ln QG(T, V, µ) (4.55)
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F (T, V, N) = Ω + Nµ; (4.56)

↓
N = −

(
∂Ω

∂µ

)

T,V

(4.57)

↓
N = N(T, V, µ) (4.58)

↓
µ = µ(T, V, N) (4.59)

3) Other thermodynamic quantities

S = −
(

∂Ω

∂T

)

V,µ

, −
(

∂F

∂T

)

V,N

(4.60)

P = −
(

∂Ω

∂V

)

T,µ

, −
(

∂F

∂V

)

T,N

(4.61)

N = −
(

∂Ω

∂µ

)

T,V

(4.62)

µ =

(
∂F

∂N

)

T,V

(4.63)

U = F − TS, CV =

(
∂V

∂T

)

V,N

(4.64)

4.3 Ideal Gas

e.g. Classical ideal gas
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H =
3N∑
i=1

p2
i

2m
(4.65)

QG =
∞∑

N=0

zN · ZN , z = eβµ (4.66)

ZN =
1

N !
·
∫ ∏3N

i=1 dqi · dpi

h3N
0

· e−β
∑3N

i=1

p2
i

2m (4.67)

=
1

N !
· qN , q =

∫ ∏3
i=1 dqi · dpi

h3N
0

· e−β
∑3

i=1

p2
i

2m (4.68)

= V/λ3
T , λT =

√
h2

0

2πmkBT
(4.69)

∴ QG =
∞∑

N=0

zN · qN/N ! = ezq for zq < 1 (4.70)

Ω(T, V, µ) = −kBT · ln QG = −kBT · zq (4.71)

= −kBT · eβµ · V/λ3
T (4.72)

N = −∂Ω

∂µ
= eβµ · V/λ3

T −→ µ = kBT · ln(λ3
T · n), n = N/V (4.73)

= kBT · ln(λ3
T/(V/N)) (4.74)

Classical case:
V

N
À λ3

T −→ µ < 0 (4.75)

P = −∂Ω

∂V
= kBT · eβµ/λ3

T = kBT · N
V
−→ PV = NkBT (4.76)

U = −∂ ln QG(T, V, z)

∂β
=

3

2
kBT · zq =

3

2
NkBT (4.77)

u = U/N =
3

2
kBT −→ CV =

∂u

∂T
=

3

2
kB (4.78)
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