Chapter 4

Grandcanonical Ensemble

4.1 Chemical Diffusive Equilibrium and Chemical Potential

!
A A A, = A+ A" isolated
(E.V.N) (E".V'.N")

E+ FE' =F,: fixed.

V4+V' =V, fixed.

N + N' = N, : fixed.
S{(E,V,N)=S(E,V,N)+ S (E',V',N")

Equilibrium Conditions: S;: Max
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e Def. Chemical Potential
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p = 1 : Chemical Diffusive Equilibrium

S = S(E,V,N)

. dS = %dE + gdv — ZdN

— dFE =TdS — PdV + pudN : Thermodynamic 1st Law
[—pdN : chemical work]

E=E(S,V,N), H=H(S,P,N), F = F(T,V,N),

G = G(T, P,N) : Thermodynamic Potentials

4.2 Grand Canonical Ensemble

(4) A' (T u)

Ay = A (system) + A’ (ptl-energy reservoir) : isolated

N+ N =N, =fixed, E+ E = F, = fixed
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e Equilibrium Conditions
P(E,N) = CQ(E,N)=CQ(E,N)-Q(E,— E,N,— N) (4.18)

What is the most probable state?

P(E,N): max <= () : max (4.19)
S; = kpln§): max (4.20)
= S(E,N)+ S (E,— E,N; — N) (4.21)
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L BHERAT=T, =y (4:25)
A’: reservoir — % < 1, % <1

. T = const., p' = const. (4.26)
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e Probability Distribution in Equilibrium
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QU(N, E(N)) = 1- (N, = N, B, — E,(N)) (4.27)



P(N) = C-Q(E, — E.(N),N, — N) (4.28)

SInP(N) = nC+WmQ(E, — E,, Ny — N) (4.29)
In Q) /
~ const. + 2 — (~E,) + am} (=N (4.30)
g= Oln Y 1095 1 (4.31)
o aE/ (Et,Nt) B kB aEl B kBT .
_ Oln¢Y 1 05 0

o PAN)=C e PEmoN — 0. ¢ BE=mN) [o=BE—uN) . Gibbs factor] (4.33)

. i Z P(N)=C" i e—aNZe‘ﬁET(N) (4.34)

N=0 r
= C-Y eV Z(N)=1 (4.35)
N=0
e Def. Grand Partition Function
Qa=Y e"™Z(N); Z(N)=> e W (4.36)
N=0 r
~C=1/Qq, PAN)=e "B, (4.37)

e Grand Potential

Qa=Y "N Z(N); Z(N)=> e W (4.38)
N=0 r
z = e’ absolute activity or fugacity of the system
Qc = Z N Z(T,V,N) (4.39)
N=0
Q(grand potential) = Q(T,V, ) (4.40)
= F(T,V,N)—uN (4.41)



dQ = dF — d(uN) = —SdT — PdV — Ndu (4.42)

s =~ (5) - p:_(a_ﬁ) V- (5) )
T )y, oV )r, o) 7y
S = —kp Z P.(N)-In P.(N) (4.44)
e B(E(N))=pN)
L P(N) = (4.45)
QG
)—nN]
S = —kp Z [~BE.(N) 4+ SuN —InQ¢]  (4.46)
= 6]€BE — ﬁﬂ]{BN + kpln QG (447)
S = [‘”{JBE - ﬁ,ukBN + kB In QG (448)
!
F = E-TS=uN—kgTlhQqg (4.49)
!
Q) = F—uN=—kgTlhQq (4.50)
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— Qg ~ e’ . Z(N) — —kgTln Qg (4.51)
= —kgTIn Z(N) — uN (4.52)
=F —uN (4.53)
= Q(T,V, ) (4.54)
e Summary
1) Calculate Qg
2) UT,V,p) = —kpTnQc(T,V, ) (4.55)
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3) Other thermodynamic quantities
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4.3 Ideal Gas

05
R <6_T) V7M7
o
().,

(6&2)
o) ry
<6F )

8N T,V

P15, v

e.g. Classical ideal gas
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V/ T T 27T”ITL]€BT
S Qo = Z gV NV = e for zq < 1 (4.70)
N=0
AT, V,u) = —kpT -InQ¢ = —kpT - zq (4.71)
= —kpT - VX (4.72)
— o2 —
N = o= M VN — = kgT-In(\o-m), n=N/V (4.73)
= kT -In(\3./(V/N)) (4.74)
V
Classical case: ~ > M\ — 1< 0 (4.75)
o0 N _
P = —or = kT e /N3 = kpT - 7 PV = NkgT (4.76)
0nQq(T,V,z) 3 3—
= — = —kpT - 2q = -NkpT 4.
U 95 il 2q =5 Nkp (4.77)
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