Chapter 3

Applications of Statistical Mechanics

3.1 Gibbs Paradox
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S(T.V) = Nkg(nV +5InT+5) : right? (3.3)
S : not extensive quantity! (3.4)
S =kp-InQF) (3.5)
Was Q(F) counted correctly? (3.6)
Gibbs: (2% N tion for identical particl 3.7
ibbs: ( 13N )/N! : assumption for identical particles (3.7)
Y (3.8)

|
S(T,V) = Nkp(in - + SIn T+ 5y) (3.9)
*. By the assumption, Gibbs resolved the paradox (3.10)
Is the assumption really right? (3.11)



“identical particle” (3.12)

C. M. — distinguishable
Q. M. — indistinguishable
U: N-ptl. waveftn.: symmetric or antisymmetric with respect to any two

ptl. exchange
|

.. A permutation of ptls. can at most change the waveftn. by a sign, and

thus it does not produce a new state of the system.
. dq-dp/N!: reasonable (3.13)

But, the correct Boltzman counting cannot be derived from C. M., because

in C. M. identical ptls. are distinguishable.

In the classical limit, Q. S. M. — C. S. M. with “correct Boltzman counting”

3.2 Ideal Gas (validity of the classical approximation)

3, . 13 2

Z=2N/N, 2z = /drh#e_ﬂm (3.14)
0

— V- (2rmkpT/h%)*? (3.15)

p: mean momentum of a ptl.

R: mean separation between ptls.
. P- R> h = classical approximation is valid.

R> A\ (= %) : Nonoverlap condition between particles — distinguishable



(ptl. &] wavelike propertyS FA| & 4= I t})
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high T & low density = 1A ZALS A&

3.3 Equipartition Theorem

3N
H = Y (AP +BQ)), {(P,Q:),i=1,---,3N}

i=1
7 - L / i dPdQi | g5 (ar2i5,0%)
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.. the mean value of each indep. quadratic (harmonic) term in the

Hamiltonian in C. S. M. = %kBT

3N
E=<H> =) (AP >+<BQ]>)
1=1

= 3N - kpT
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Cy/3N = kg (A 338 Do $1u1) (3.28)

3.4 Specific Heats

1) Solid (lattice vibrations)
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«—/ vibration

£ min. pt. o] 3| A Taylor ZA7|E 3}l 23371 #H 3} (harmonic

approximation)

Mo = Tia — Ty (3.31)
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(3.32)



NU_FEZA‘. . A.._82—U (3.33)
~ U Ziajﬁ ic,jB Thia 1535 i, — 8xm8:1:j5 . :
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H = U+ 3 Z m; - 7'7@‘20[ + 5 Z Aia.jp Mia Mjp : lattice vibrations near the min. pt.
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3N
A8}y, = Z Bias - ¢ {gq+} : normal coordinates  (3.34)
r=1

3N

1 .
H = Uyt g ) (@ +wia) (3.35)
r=1
3N
pr 1
= D (5 +5vi) (3.36)
r=1

C. S. M. — by the equipartition theorem,

_ 1 1
E = 3N(GkpT + 5kpT) = 3NkpT (3.37)

I N =N, (Avogadro No.)

E = 3RT — Cy = (g—?) = 3R (3.38)
\%4

But, the 3rd law: lim Cyy — 0.

T—0

Q. S. M. — Einstein model

7} 3N7) S. H. O. 7} B 22 A F5 wE #=tal shak:
wr =w,r=1,---,3N.
z = 2 (3.39)



1
en = (n+§)hw, n=0,1,2--- (3.40)
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- Ze—ﬂ'en — o Phw/2, T =

— = % - (sinh Bhw/2)"1  (3.41)

n=0

InZ = 3N -lnz=—3N -lIn(sinh fhw/2) — 3N -1n2 (3.42)

— OlnZ 1 1
E — T —3th-(§+eﬂhw—_1) (3.43)
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 kpT? (&P —1)2
h
I N=N,, R=N,-kp, 0p (Einstein temperature) = k—w — fhw = 0g/T
B

/T
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(3.46)

1) high temperature: T > 0p,
z? x
ex—1:(1+a:—i——2 +---)—1:x(1+§+---) (3.47)

Cy —> 3R (3.48)



hw : energy spacing

kT > hw — continuous energy dist. & & & 4 ¢}

.. classical ZA7} 715

2) low temperature: T < f0p

Cy — 3R - (0p/T)* - e /T 7750 (3.49)
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3.5 Paramagnetism

N 71 9] noninteracting atoms
(: magnetic moment of the atom

H: magnetic field
e=—-7-H (3.50)

hJ: total ang. mom. of the atom
= gu07, Lo = ch Bohr magneton,

m : e~ 2] mass.



B;(n)

y > 1,

g: g-factor of the atom.

e= —g,u07ﬁ (3.51)
|H=H-2
e=—-guwHJ,, J,=m—m=—-J-J+1,---,J (3.52)
em = —gpuoHm (3.53)
J
2= Y " n=PgumH (3.54)
m=—J
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sinh /2
f = —kgT-Inz (3.58)
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Oln z
= 3.60
9105, (3.60)
J+31).cosh(J+3)np  LlcoshZ
rzgm[( 2 (1 20 5¢ f] (3.61)
sinh(J + 5)n sinh 7
= guoJB,(n), (3.62)
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5 [(J + 5) coth(J + 5)77 b coth g] . Brillouin function (3.63)
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cothy = (3.64)

cothy ~ 1 (3.65)



y <1, cothy = y+%y3+~-- (3.66)
= 1+ %) (g (3.67)
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n)ﬂ,Bﬂmz%hJ 3—5}21 (3.70)
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vt By = 3 { U+ 3l 50+ g+ B} 67
:%{%(JJF%)Q 77—177—2} (3.72)
N CA D (3.73)

M, = N -Ti; = NgpoJ B;(n)
n < 1— gugH (energy spacing) /kpT < 1
— high temperature — energy disk: continuous

— AAIZA} 7hs

M, x no H/T (3.74)
M
SoXT = Z_H x 1/T : Curie’s law (3.75)

n>1— guoH/kgT > 1 (low temperature)

My — NgpyJ (3.76)



