
Chapter 3

Applications of Statistical Mechanics

3.1 Gibbs Paradox

S = NkB(ln V +
3

2
ln T + S0) (3.1)

After removal of the partition,

∆S/kB = N1 ln
V

V1
+ N2 ln

V

V2
> 0 (the entropy of mixing) (3.2)
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But, A=B

S(T, V ) = NkB(ln V +
3

2
ln T + S0) : right? (3.3)

S : not extensive quantity! (3.4)

S = kB · ln Ω(E) (3.5)

Was Ω(E) counted correctly? (3.6)

Gibbs: (
dq · dp

h3N
o

)/N ! : assumption for identical particles (3.7)

⇓ (3.8)

S(T, V ) = NkB(ln
V

N
+

3

2
ln T + S0) (3.9)

∴ By the assumption, Gibbs resolved the paradox (3.10)

Is the assumption really right? (3.11)
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“identical particle” (3.12)

C. M. −→ distinguishable

Q. M. −→ indistinguishable

Ψ: N -ptl. waveftn.: symmetric or antisymmetric with respect to any two

ptl. exchange

↓
∴ A permutation of ptls. can at most change the waveftn. by a sign, and

thus it does not produce a new state of the system.

∴ dq · dp/N ! : reasonable (3.13)

But, the correct Boltzman counting cannot be derived from C. M., because

in C. M. identical ptls. are distinguishable.

In the classical limit, Q. S. M. −→ C. S. M. with “correct Boltzman counting”

3.2 Ideal Gas (validity of the classical approximation)

Z = zN/N ! , z =

∫
d3r · d3p

h3
0

e−β p2

2m (3.14)

= V · (2πmkBT/h2
0)

3/2 (3.15)

p: mean momentum of a ptl.

R: mean separation between ptls.

∴ p ·R À ~ =⇒ classical approximation is valid.

R À λT (= h
p) : Nonoverlap condition between particles −→ distinguishable
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(ptl. _� wavelike property\�¦ Áºr� ½+É Ãº e����.)

R
3 ·N = V −→ R = (V/N)1/3 (3.16)

p2

2m
=

3

2
kBT −→ p =

√
p2 =

√
3mkBT (3.17)

λT =
h

p
=

h√
3mkBT

(3.18)

↑ thermal wavelength

∴ (V/N)1/3 À λT (3.19)

∴ high T & low density =⇒�¦�����H��\�¦ &h�6 x. (3.20)

3.3 Equipartition Theorem

H =
3N∑
i=1

(AiP
2
i + BiQ

2
i ), {(Pi, Qi), i = 1, · · · , 3N} (3.21)

Z =
1

N !
·
∫ ∏

i dPi dQi

h3N
0

· e−β
∑

i(AiP
2
i +BiQ

2
i ) (3.22)

=
1

N !
·

3N∏
i=1

(

√
π

βAi
·
√

π

βBi
) · 1

h3N
0

(3.23)

< Ai P 2
i >= −Ai

β

∂

∂Ai
ln Z =

1

2β
=

1

2
kBT (3.24)

< Bi Q2
i >= −Bi

β

∂

∂Bi
ln Z =

1

2β
=

1

2
kBT (3.25)

∴ the mean value of each indep. quadratic (harmonic) term in the

Hamiltonian in C. S. M. = 1
2kBT

E = < H > =
3N∑
i=1

(< Ai P 2
i > + < Bi Q2

i >) (3.26)

= 3N · kBT (3.27)
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↓
CV /3N = kB (]j 3ZO�gË:\� 0AC�H�d) (3.28)

3.4 Specific Heats

1) Solid (lattice vibrations)

H =
N∑

i=1

1

2
mi
−̇→ri

2
+ U (−→r1 , · · ·), −→ri = (xi1, xi2, xi3) (3.29)

U�� min. pt. (−→r1
(0), · · · ,−→ri

(0), · · ·)\�¦ °ú���H �â
Äº\�¦ Òqty��
���

∂U

∂xiα

∣∣∣∣−→r0

= 0 (α = 1, 2, 3), −→r0 = (−→r1
(0), · · · ,−→ri

(0), · · ·) (3.30)

U\�¦ min. pt. \� @/K�"f Taylor ���>h\�¦ 
��¦ 2	��½Ó��t� 2[
���. (harmonic

approximation)

ηiα = xiα − x
(0)
i,α (3.31)

U = U0 +
∑
i,α

[
∂U

∂xi,α

]

0
· ηiα +

1

2

∑

i,α j,β

[
∂2U

∂xiα∂xjβ

]

0
· ηiα ηjβ + O(η3) (3.32)

3 - 5



≈ U0 +
1

2

∑

i,α j,β

Aiα,jβ ηiα ηjβ, Aiα,jβ =

[
∂2U

∂xiα∂xjβ

]

0
(3.33)

H = U0 +
1

2

∑

i,α

mi · η̇2
iα +

1

2

∑

i,α j,β

Aiα,jβ ηiα ηjβ : lattice vibrations near the min. pt.

@/y������o: ηiα =
3N∑
r=1

Biα,r · qr; {qr} : normal coordinates (3.34)

H = U0 +
1

2

3N∑
r=1

(q̇2
r + ω2

rq
2
r) (3.35)

=
3N∑
r=1

(
p2

r

2
+

1

2
ω2

rq
2
r) (3.36)

C. S. M. −→ by the equipartition theorem,

E = 3N(
1

2
kBT +

1

2
kBT ) = 3NkBT (3.37)

↓ N = Na (Avogadro No.)

E = 3RT −→ CV =

(
∂E

∂T

)

V

= 3R (3.38)

But, the 3rd law: lim
T→0

CV −→ 0.

Q. S. M. −→ Einstein model

��&ñ
: 3N>h S. H. O. �� �̧¿º >á¤°ú �Ér y�����1lxÃº ω\�¦ °ú���H���¦ 
���:

ωr = ω, r = 1, · · · , 3N.

Z = z3N (3.39)
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en = (n +
1

2
)~ω, n = 0, 1, 2, · · · (3.40)

z =
∞∑

n=0

e−β·en = e−β~ω/2 · 1

1− e−β~ω =
1

2
· (sinh β~ω/2)−1 (3.41)

ln Z = 3N · ln z = −3N · ln(sinh β~ω/2)− 3N · ln 2 (3.42)

E = −∂ ln Z

∂β
= 3N~ω · (1

2
+

1

eβ~ω − 1
) (3.43)

CV =

(
∂E

∂T

)

V

= − 1

kBT 2 ·
(

∂E

∂β

)

V

(3.44)

= −3N~ω
kBT 2 ·

eβ~ω · ~ω
(eβ~ω − 1)2 (3.45)

↓ N = Na, R = Na · kB, θE (Einstein temperature) ≡ ~ω
kB

−→ β~ω = θE/T

CV = 3R(θE/T )2 · eθE/T

(eθE/T − 1)2 (3.46)

1) high temperature: T À θE,

ex − 1 = (1 + x +
x2

2
+ · · ·)− 1 = x(1 +

x

2
+ · · ·) (3.47)

CV −→ 3R (3.48)
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~ω : energy spacing

kBT À ~ω −→ continuous energy dist. Ü¼�Ð �̂¦ Ãº e����.

∴ classical ��H���� ��0px.

2) low temperature: T ¿ θE

CV −→ 3R · (θE/T )2 · e−θE/T−−−→
(T→0) 0 (3.49)

∴\P�%i��<Æ ]j 3ZO�gË:õ� {9�u�.

Õª���X<, z�́+«>: CV
−−−→
(T→0) T 3

∴ T�� 0Ü¼�Ð °ú�M: CV��H 0Ü¼�Ð ��t�ëß�, z�́+«>õ���H Ô�¦{9�u�. (Einstein �̧+þA\�

��� z�́+«>�Ð�� �s̀��� À1Ïo� CV�� 0Ü¼�Ð ]X���H)

Einstein �̧+þA\���� 3N>h_� S. H. O.�� >á¤°ú �Ér freq. ω\�¦ °ú���H���¦ ��&ñ
Ùþ¡��H

X<, {9�ìøÍ&h�Ü¼�Ð��H "f�Ð ���Ér freq. °ú�>��)a��. s�&h��̀¦ �¦�9ô�Ç �̧+þA�̀¦ Debye

�̧+þAs����¦ 
��¦, z�́+«>õ� ú̧� {9�u�.

3.5 Paramagnetism

N>h_� noninteracting atoms

µ: magnetic moment of the atom

H: magnetic field

e = −−→µ · −→H (3.50)

~J : total ang. mom. of the atom

−→µ = gµ0
−→
J , µ0 = e~

2mc : Bohr magneton,

m : e−_� mass.
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g: g-factor of the atom.

∴ e = −gµ0
−→
J
−→
H (3.51)

↓ −→H = H · ẑ
e = −gµ0HJz, Jz = m −→ m = −J,−J + 1, · · · , J (3.52)

em = −gµ0Hm (3.53)

z =
J∑

m=−J

eη m, η = βgµ0H (3.54)

=
e−ηJ · (1− eη(2J+1))

1− eη
=

e−ηJ − eη(J+1)

1− eη
(3.55)

=
e−η(J+ 1

2 ) − eη(J+ 1
2 )

e−η/2 − eη/2 (3.56)

=
sinh(J + 1

2)η

sinh η/2
(3.57)

f = −kBT · ln z (3.58)

µz = −
(

∂f

∂H

)

T

=
1

β

∂ ln z

∂H
=

1

β

∂ ln z

∂η

∂η

∂H
(3.59)

= gµ0
∂ ln z

∂η
(3.60)

= gµ0

[
(J + 1

2) · cosh(J + 1
2)η

sinh(J + 1
2)η

−
1
2 cosh η

2

sinh η
2

]
(3.61)

= gµ0JBJ(η), (3.62)

BJ(η) =
1

J

[
(J +

1

2
) coth(J +

1

2
)η − 1

2
coth

η

2

]
: Brillouin function (3.63)

coth y =
ey + e−y

ey − e−y
(3.64)

y À 1, coth y ≈ 1 (3.65)
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y ¿ 1, coth y =
1 + 1

2y
2 + · · ·

y + 1
6y

3 + · · · (3.66)

∼= (1 +
y2

2
) · 1

y
· (1 +

1

6
y2)−1 (3.67)

=
1

y
(1 +

y2

2
)(1− y2

6
) (3.68)

=
1

y
(1 +

y2

3
) =

1

y
+

y

3
(3.69)

∴ η À 1, BJ(η) ≈ 1

J

[
(J +

1

2
)− 1

2

]
= 1 (3.70)

η ¿ 1, BJ(η) =
1

J

{
(J +

1

2
)[

1

(J + 1
2)η

+
1

3
(J +

1

2
) · η]− 1

2
[
2

η
+

η

6
]

}
(3.71)

=
1

J

{
1

3
(J +

1

2
)2 · η − η

12

}
(3.72)

=
(J + 1)

3
· η (3.73)

Mz = N · µz = Ngµ0JBJ(η)

η ¿ 1 −→ gµ0H (energy spacing) /kBT ¿ 1

−→ high temperature −→ energy disk: continuous

−→ �¦�����H���� ��0px

Mz ∝ η ∝ H/T (3.74)

∴ χT =
∂M

∂H
∝ 1/T : Curie’s law (3.75)

η À 1 −→ gµ0H/kBT À 1 (low temperature)

MZ −→ N g µ0 J (3.76)

3 - 10


