
Chapter 8

Perturbation Theory

8.1à���â Òeµ

H = H0 + εH1, ε ¿ 1 (8.1)

H0: q�[O�1lx Hamiltonian, Û�¦s�\�¦ îß���. εH1: [O�1lx�½Ó

'��$í
î�r1lx

H0: '��$í
õ� I��ª�ëß��̀¦ �¦�9ô�Ç %i��<Æ>�

\V\�¦ [þt#Q �FK$í
_� î�r1lx

3lq$í
_� ���§4� î̈
ç�H ß¼l�: I��ª� ���§4�_� 2× 10−5

t�½̈_� ���§4� î̈
ç�H ß¼l�: I��ª� ���§4�_� 4× 10−6

→ [O�1lxÜ¼�Ð 2[/åL
�����Ãº q����+þA>� → 4�¤ú̧�ô�Ç >�
1	�"é¶ 1>h ��Ä»�̧_� Hamiltonian >�

�×e�. çß�éß�ô�Ç 1	�"é¶ 1 ���Ãº %i��<Æ>�

dx

dt
= x + εx2, �íl� �̧|	�x(0) = A (8.2)

x(t) = x(0)(t) + εx(1)(t) + ε2x(2)(t) + · · · (8.3)

f(x + ε) = f(x) + f ′(x)ε +
f ′′(x)

2!
ε2 + · · · (8.4)

εs� ß¼��� diverge. �̧��H ε\� @/K�"f�̧ diverge
���H �â
Äº�� e����.

ẋ(0) + εẋ(1) + ε2ẋ(2) = x(0) + εx(1) + ε2x(2) + ε(x(0)2 +2εx(0)x(1))+O(ε3) (8.5)
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�̧��H ε\� @/K�"f $í
wn�
��9���

ẋ(0) = x(0) (8.6)

ẋ(1) = x(1) + x(0)2 (8.7)

ẋ(2) = x(2) + 2x(0)x(1) (8.8)

Eq. (8.3) → x(0) = A → x(0)(0) = A,A(k) = 0, k ≥ 1

x(0) = Aet (8.9)

ẋ(1) = x(1) + A2e2t, x(1)(0) = 0 (8.10)

x(1) = A2et(et − 1) → x(2) = A3et(et − 1)2 (8.11)

dy

dx
+ P (x)y = Q(y) (8.12)

y(x) = e−
∫

P (x)dx

∫
Q(x)e

∫
p(x)dxdx + ce−

∫
p(x)dx(c :&h�ì�r�©�Ãº) (8.13)

• [O�1lx�:r: �̧��H ±ú��Ér 	�Ãº_� [O�1lx �Ð&ñ
�̀¦ ·ú���� &h�	�&h�Ü¼�Ð >�íß�½+É Ãº e����.

2	���t�_� [O�1lx�Ð&ñ
�Ér

x(t) = Aet[1 + εA(et − 1) + ε2A2(et − 1)2] + O(ε3) (8.14)

εA(et − 1) t →∞ (8.15)

°ú �Ér &ñ
x9��̧_� [O�1lx�Ð&ñ
�̀¦ ¹ô=½+Éכ M: r�çß�s� U�́��� U�́Ãº2�¤ ú́§�Ér �Ð&ñ
�½Ó�̀¦

V,�#Q�� ô�Ç��.

Exact solution:
∫

dx

x + εx2 =

∫
dt (8.16)

ln
εx

εx + 1
= t + c′ (8.17)

εx

εx + 1
= cet, t = 0 → x = A (8.18)

x(t) =
Aet

1− εA(et − 1)
(8.19)
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s� "4�/åLÃº_� Ãº§4�ìøÍ�â
�Ér

εA(et − 1) = 1, tc = ln
1 + Aε

Aε
(8.20)

t < tc\�ëß� Ãº§4�
��¦, t > tc\�"f s� "4�/åLÃº��H ��Áº _�p��� \O���.

Exact quotient:

f(t) =
x(t)

x(0)(t)
=

x(t)

Aet
=

1

1− εA(et − 1)
(8.21)

N	� [O�1lx�Ð&ñ
\� ���Ér ��H��]��(approximation quotient)

f (N)(t) =
N∑

n=0

[εA(et − 1)]n (8.22)

ẋ = x + εx2 → H (8.23)

ẋ = x → H0 (8.24)
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εs� ��Áºo� ������̧ Ä»ô�Ç
���� [O�1lx>�\�"f��H î�r1lxs� ������â
>� t = tc\�"f

x = ∞
q�[O�1lx>�\���H ������â
>��� \O���.

t�� ����̀¦ M:��H s��Qô�Ç èß�&h�\��̧ Ô�¦½̈
��¦ Ä»6 x
�>� æ¼�����.

8.2 Hamiltonian System

H(q, p) = H0(q, p) + εH1(q, p) (8.25)

•H0(q, p)>�_� Û�¦s�\�¦ ���½ÓÜ¼�Ð ô�Ç [O�1lx���>h\�¦ 
�Ù¼�Ð q�[O�1lxõ� [O�1lxî�r1lx�Ér

°ú �Ér 7áxÀÓs�#Q�� ô�Ç��. •

���&h���¥[þts�\�¦ �Ðl�[þt���,

H(p, ψ) =
p2

2
− α2 cos ψ (8.26)

���Ér �r����̀¦ q�[O�1lxÜ¼�Ð �Ð���

p2

2
À α2 (8.27)

H0 =
p2

2
, H1 = −α2 cos2 ψ (8.28)
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��×�æ\� ε = 1.

"é¶&h� ��H~½Ó\�"f ����Ér ���1lx�̀¦ �Ð���, ψ ¿ 1

H(p, ψ) =
1

2
(p2 + α2ψ2)− α2 − α2(cos ψ − 1 +

ψ2

2
) (8.29)

↓ drop the constant term− α2

H = H̄(p, ψ) + α2 = H̄0 + εH̄1 (8.30)

H̄0 =
1

2
(p2 + α2ψ2) (8.31)

H̄1 = −α2(cos ψ − 1 +
ψ2

2
) : O(ψ4) (8.32)

{9�ìøÍ�:r

1st order approximation

H = H0(J) + εH1(J, φ) (8.33)

H0_� y��-���6 x|¾Ó ���Ãº φ, J�Ð æ¼��.

H_� y��-���6 x|¾Ó ���Ãº θ, I�Ð æ¼��.

(J, φ): old action-angle variables

↓
(I, θ): new action-angle variables

φ

J

H

0H

θ

I

φ = φ(θ, I) = φ(0)(θ, I) + εφ(1)(θ, I) + O(ε2) (8.34)

J = J(θ, I) = J (0)(θ, I) + εJ (1)(θ, I) + O(ε2) (8.35)
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H0(q, p) → K0(J) (8.36)

(φ, J)

q = q(φ, J) p = p(φ, J) (8.37)

H1(q, p) → H1(φ, J) (8.38)

H(φ, J) = H0(J) + εH1(φ, J) (8.39)

H(q, p) → H(I) (8.40)

(θ, I)

As ε → 0, φ → θ and J → I

φ(0)(θ, I) = θ, J (0)(θ, I) = I (8.41)

New Hamiltonian:

K = K0(I) + εK1(I) (8.42)

(φ, J) → (θ, I)��H &ñ
ï�r ���8̈�

(1)
∂(φ, J)

∂(θ, I)
= 1

(2) J (1)�̧ θ_� ÅÒl� �<ÊÃº period 2π

φ(1)�̧ θ_� ÅÒl� �<ÊÃº

2πI =

∫ 2π

0
Idθ =

∫
Jdφ (8.43)
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H(φ, J) = H0(H) + εH1(φ, J) + O(ε2) (8.44)

K(I) = H0(J
(0) + εJ (1)) + εH1(θ, I) + O(ε2) (8.45)

= H0(I) +
∂H0

∂I
εJ (1) + εH1(θ, I) + O(ε2) (8.46)

= K0 + εK1 + O(ε2) (8.47)

K0 = H0(I) (8.48)

K1 = J (1)∂H0

∂I
+ H1(θ, I) (8.49)

φ = θ + εφ(1)(θ, I) → dφ = dθ(1 + ε
∂φ(1)

∂θ
) (8.50)

↓
I =

1

2π

∫ 2π

0
(J (0) + εJ (1))dφ (8.51)

∫ 2π

0
J (1)dθ =

∫ 2π

0

∂φ(1)

∂θ
dθ = 0 (8.52)

1

2π

∫
K1(I)dθ = K1(I) (8.53)

r.h.s. =
1

2π

∂H0

∂I

∫
J (1)dθ +

1

2π

∫ 2π

0
H1(θ, I)dθ (8.54)

∴ K1(I) =
1

2π

∫ 2π

0
H1(θ, I)dθ : mean perturbation (8.55)

J (1) =
K1(I)−H1(θ, I)

ω0(I)
, ω0(I) =

∂H0

∂I
(8.56)

φ(1)(θ, I)_� �©�Ãº Ô�¦SX�z�́$í
�̀¦

1

2π

∫
φ(1)(θ, I)dθ = 0 (8.57)
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s� ÷&>� &ñ
ô�Ç��. ∣∣∣∣∣∣

∂φ
∂θ

∂φ
∂I

∂J
∂θ

∂J
∂I

∣∣∣∣∣∣
= 1 (8.58)

∣∣∣∣∣∣

∂φ(1)

∂θ + ε∂φ(1)

∂θ ε∂φ(1)

∂I

ε∂J (1)

∂θ 1 + ε∂J (1)

∂I

∣∣∣∣∣∣
= 1 (8.59)

∴ ∂φ(1)

∂θ
= −∂J (1)

∂I
(8.60)

φ(1) = −
∫

∂J (1)

∂I
dθ + const. (8.61)

c��H
∫ 2π

0 φ(1)dθ = 0s� ÷&>� &ñ
ô�Ç��.

• Fast rotation

H0 =
p2

2
, H1 = −α2 cos ψ (8.62)

J = p, φ = ψ → H1 = −α2 cos φ (8.63)

K1(I) =
1

2π

∫ 2π

0
H1(I, θ)dθ =

1

2π

∫ 2π

0
(−α2) cos θdθ = 0 (8.64)

K1(I) = 0 (8.65)

perturbation\�"f ÅÒl�\� @/K�"f î̈
ç�HÙþ¡�̀¦ M: 0s� 1	� [O�1lx\��-t�

H0 =
I2

2
, ω0 =

∂H0

∂I
= I (8.66)

J (1) = +α2cos θ

I
(8.67)

∂J (1)

∂I
= α2cos θ

I
(8.68)

φ(1) = −
∫

∂J (1)

∂I
dθ =

α2 sin2 θ

I2 (8.69)

K(I) =
I2

2
+ O(α4), (8.70)

φ(θ, I) = θ +
α2 sin2 θ

I2 + O(α4) (8.71)
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J(θ, I) = I +
α2 cos θ

I2 (8.72)

Ω = ω0 = I, θ = It + δ (8.73)

p = J = I +
α2 cos(It + δ)

I
+ O(α4) (8.74)

ψ = φ = It + δ +
α2 sin(It + δ)

I2 + O(α4) (8.75)

E = K(I) =
I2

2
+ O(α4) (8.76)

• p��è���1lx��H~½Ó\�"f_� [O�1lx

H0 =
1

2
(p2 + α2ψ2) (8.77)

H1 = −α2(cos ψ − 1 +
1

2
ψ2) (8.78)

' −α2ψ
4

24
+ O(ψ6) (8.79)

H0(p, ψ) → H0(J) = αJ (8.80)

(ψ, J)

ψ =

(
2J

α

)1/2

sin ψ (8.81)

p = (2Jα)1/2 cos ψ (8.82)

H1(ψ, J) = −1

6
J2 sin4 ψ (8.83)

K0(I) = αI, K1(I) = − I2

12π

∫ 2π

0
sin4 θdθ = −I2

16
(8.84)

∫ 2π

0
sin4 θdθ = − I2

12π

∫ 2π

0

3− 4 cos 2θ + cos 4θ

4
dθ (8.85)

sin4 θ =

(
1− cos 2θ

2

)2

(8.86)
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K(I) = αI − ε
I2

16
+ O(ε2) (8.87)

J (1) =
− I2

16 + I2

6 sin4 θ

α
= −I2

α
(

1

16
− sin4 θ

6
) (8.88)

= −I2

α
(

1

16
− 3− 4 cos 2θ + cos 4θ

48
) (8.89)

= − I2

12α
[cos 2θ − 1

4
cos 4θ] (8.90)

−∂J (1)

∂I
=

I

α
(
1

8
− sin4 θ

3
) =

I

6α
[cos 2θ − 1

4
cos 4θ] (8.91)

φ(1) =
I

α

41
2 sin 2θ − 1

4 sin 4θ

2φ
= −

∫
∂J (1)

∂I
dθ (8.92)

=
I

12α
(sin 2θ − sin 4θ

8
) (8.93)

∂K(I)

∂I
= Ω = α− ε

I

8
+ O(ε2) (8.94)

ψ = (
2I

α
)1/2(1− εI

12
(cos 2θ − cos 4θ

4
)1/2 (8.95)

× sin{θ +
εI

12α
(sin 2θ − sin 4θ

8
}) (8.96)

p = (2αI)1/2{1− εI

12
(cos 2θ − cos 4θ

4
}1/2 (8.97)

× cos{θ +
εI

12α
(sin 2θ − sin 4θ

8
)} (8.98)

θ = Ωt + δ (8.99)

ψ = (
2I

α
)1/2[sin θ +

εI

48α
(3 sin θ +

1

2
sin 3θ)] (8.100)

p = (2αI)1/2[cos θ − εI

32α
(2 cos θ − 3 cos 3θ)] (8.101)

T r�çß� 1lxîß�

φ = αT (8.102)
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perturbed

unperturbed

�
�

�
�
�

�

α
εI

O

perturbed

θ = ΩT = (α− ε
I

6
)T (8.103)

T =
8π

εI
(8.104)

−(θ − φ) = π (8.105)

ε = 1����â
Äº→ I = 8α → Ω = 0 (separatrix) → small denominator (J (1) d��

�̀¦ �Ðr��̧)

Separatrix energy

K(8α) = α(8α)− 64

16
α2 = 4α2(poor result) (8.106)

H =
1

2
(p2 + α2ψ2)− α2ψ4/24 (8.107)

=
1

2
p2 + α2(

ψ2

2
− ψ4) (8.108)

)(ψV
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Es = α2(
6

2
− 36

24
) =

3

2
α2 (8.109)

H =
p2

2
− α2 cos ψ → Es = α2 (8.110)

• ]j2	� [O�1lx�:r

���&h��Ð�>r:
∂(Φ, J)

∂(θ, I)
= 1 (8.111)

Φ, J : θ_� periodic function

H0 = H0(J) (8.112)

↓ φ : 2π_� period\�¦ °ú���H��

H = H(I)θ: 2π_� period\�¦ °ú���H��. (8.113)

φ = φ(0) + εφ(1)(θ, I) + ε2φ(2)(θ, I) (8.114)

J = J (0) + εJ (1)(θ, I) + ε2J (2)(θ, I) (8.115)

φ(0) = 0, J (0) = I (8.116)

θ : 0 → 2π, φ : 0 → 2π (8.117)

J��H φ_� 2π-periodic function

1

2π

∫ 2π

0
J(ψ)dψ =

1

2π

∫ 2π

0
Idθ = I :���&h��Ð�>r (8.118)
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φ

J

θ

I

π2 π2

dφ = dθ[1 + ε
∂φ(1)

∂θ
+ ε2∂φ(2)

∂θ
] (8.119)

I =
1

2π

∫ 2π

0
[I + εJ (1) + ε2J (2)][1 + ε

∂φ(1)

∂θ
+ ε2∂φ(2)

∂θ
]dθ (8.120)

I = I +
1

2π
ε

∫ 2π

0
J (1)dθ +

1

2π
ε2

∫ 2π

0
[J (2) + J (1)∂φ(1)

∂θ
]dθ (8.121)

+O(ε3)

∫
[J (2) + J (1)∂φ(1)

∂θ
]dθ = 0 (8.122)

∣∣∣∣∣∣
1 + ε∂φ(1)

∂θ + ε2 ∂φ(2)

∂θ ε∂φ(1)

∂I

ε∂J (1)

∂θ 1 + ε∂J (1)

∂I + ε2 ∂J (2)

∂I

∣∣∣∣∣∣
= 1 (8.123)

ε[
∂φ(1)

∂θ
+

∂J (1)

∂I
] = 0 (8.124)

ε[
∂φ(2)

∂θ
+

∂J (2)

∂I
+

∂φ(1)

∂θ

∂J (1)

∂I
− ∂φ(1)

∂I

∂J (1)

∂θ
] = 0 (8.125)

∂φ(2)

∂θ
+

∂J (2)

∂I
+

∂(φ(1), J (1))

∂(I, θ)
= 0 (8.126)

H = H0(q, p) + εH1(q, p) (8.127)

↓ φ, J

H = H0(J) + εH1(φ, J) (8.128)

H = H0(I + εJ (1) + ε2J (2))
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+εH1(θ + εφ(1), I + εJ (1)) + O(ε3) (8.129)

H = H0(I) +
∂H0

∂I
(εJ (1) + ε2J (2))

+
1

2

∂2H0

∂I2 + εH1(θ, I)

+ε2[
∂H1

∂θ
φ(1) +

∂H1

∂I
J (1)] (8.130)

K2 =
∂H0

∂I
J (2) +

1

2

∂2H2

∂I2 [J (1)]2 +
∂H1

∂θ
φ(1) +

∂H1

∂I
J (1) (8.131)

K2 =
1

2π

∫ 2π

0
[ω0(I)J (2) +

1

2

∂ω0(I)

∂I
[J (1)]2

+
∂H1

∂θ
φ(1) +

∂H1

∂I
J (1)]dθ (8.132)

ω0(I)J (2) = 0,
∂H1

∂θ
φ(1) = 0 (8.133)

J (1) =
K1 −H1

ω0(I)
→ ∂J (1)

∂θ
= − 1

ω0

∂H1

∂θ
(8.134)

∫ 2π

0
ω0J

(2) = −ω0

∫ 2π

0
J (1)∂φ(1)

∂θ
= ω0

∫ 2π

0
φ(1)∂J (1)

∂θ
= −

∫ 2π

0
φ(1)∂H1

∂θ
(8.135)

1

2π

∫
(K1 −H1)

2dθ =
1

2π

∫
(K2

1 + H2
1 − 2K1H1)dθ (8.136)

=
1

2π

∫
(H2

1 −K2
1)dθ (8.137)

K2(I) =
1

2π

∫ 2π

0
[
1

2

∂ω0

∂I

H2
1 −K2

1

ω2
0

+
K1 −H1

ω0

∂H1

∂I
]dθ (8.138)

∫
K1

∂H1

∂I
= K1

∂

∂I

∫
H1 = K1

∂K1

∂I
=

1

2

∂K2
1

∂I
(8.139)

∫
H1

∂H1

∂I
=

1

2

∫
∂H2

1

∂I
(8.140)

=
1

4π

∫ 2π

0
[
∂

∂I
(

1

ω0
)(K2

1 −H2
1) +

1

ω0

∂

∂I
(K2

1 −H2
1)] (8.141)
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∴ K2 =
1

4π

∂

∂I

∫ 2π

0

K2
1 −H2

1

ω0
dθ (8.142)

Eq. (8.142) → (8.131) J (2)\�¦ ½̈�<Ê. Eq. (8.126) →
∂φ(2)

∂θ
= −∂J (2)

∂I
− ∂(φ(1), J (1)

∂(I, θ)
(8.143)

∫ 2π

0 φdθ = 0s� ÷&>� φ\�¦ ���&ñ


∫ 2π

0
φ(2)(θ, I)dθ = 0 (8.144)
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