
Chapter 6

Transformation Theory

6.1k�ë5ÑUc ÈÁ®̧�ø5� £o>».É

£o>».É l�Òeµ

&ñ
ï�r���8̈�: Hamiltonians� &ñ
ï�r~½Ó&ñ
d���̀¦ �Ð�>r
���H Dh ���Ãº�Ð_� ���8̈� ↔
���&h��Ð�>r

q

p

R

Q

P

S

Q = Q(q, p), P = P (q, p) (6.1)
∫ ∫

S

dP dQ =

∫ ∫

R

dp dq (6.2)

{9�ìøÍ&h���� ���Ãº���8̈�\�"f��H

∫ ∫

S

dQdP =

∫ ∫
dq dp

∂(Q,P )

∂(q, p)
(6.3)

���&h��Ð�>r:
∂(Q,P )

∂(q, p)
= 1 =

∂(q, p)

∂(Q,P )
(6.4)
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�×e� Q = p, P = −q

J =

∣∣∣∣∣∣

∂Q
∂q

∂Q
∂p

∂P
∂q

∂P
∂p

∣∣∣∣∣∣
=

∣∣∣∣∣∣
0 1

−1 0

∣∣∣∣∣∣
= 1 (6.5)

= const. → scaling\� _�K�"f ëß�[þt Ãº e��6£§ (6.6)

�×e� q = P cos Q, p = P sin Q

J =

∣∣∣∣∣∣

∂q
∂Q

∂q
∂P

∂p
∂Q

∂p
∂P

∣∣∣∣∣∣
=

∣∣∣∣∣∣
−P sin Q cos Q

P cos Q sin Q

∣∣∣∣∣∣
(6.7)

= −P 2 → cannonical (X) (6.8)

&ñ
ï�r���8̈��̧ {9�ìøÍ&h���� ���8̈�õ� ��ðøÍ��t��Ð ¿º��t� K�$3��̀¦ ?/wn= Ãº e����.

(1) ýa³ð>���H Ô�¦���s��¦ %i��<Æ�©�I��� (q, p) → (Q,P )�Ð ¹¡§f�������.

q

p

R

S

(2) 0A�©�&h��Ér Ô�¦���s��¦ ýa³ð>��� ��7
%3���.

q

p
P

C

Q
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�×e�

Q = q + αP, P = p :&ñ
ï�r���8̈� (6.9)

(1)

q

p

sformationShear tran

(2)

q

p

system) coord. (skew

빗좌표계

P

Q
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6.2�¿Áþ�ÊÁ or �»jÅ]�Áþ�ÊÁ(Generating Function)
∫ ∫

dp dq =

∫ ∫
dP dQ (6.10)

↓ Stoke’s theorem∮

C

pdq =

∮

C

PdQ (6.11)

4>h ×�æ\� #QÖ¼ ¿º >h\�¦ 1lqwn�Ü¼�Ð �̂¦ ������	כ

(2)���P: K�$3��̀¦ ��ØÔ��

C��H e��_�_� �̀/BG���

∮
C [pdq − PdQ] = 0 =

∮
C dF1(q, Q) (6.12)

↓
Potential �<ÊÃº_� �>rF�\�¦ _�p� (6.13)

qü< Q\�¦ 1lqwn�Ü¼�Ð �Ð�¦

p = p(q,Q), P = P (q, Q) (6.14)
∮

C

dF1(q, Q) =

∮

C

(
∂F1

∂q
dq +

∂F1

∂Q
dQ

)
(6.15)

∴ p =
∂F1

∂q
, P = −∂F1

∂Q
(6.16)

e��_�_� ���8̈�s���� 2 >h_� �<ÊÃº�� 
¹כ��9���. ���&h��Ð�>r �̧|	�Ü¼�Ð ú́�p������

1>h_� �<ÊÃº F1(q, Q)�� ���8̈��̀¦ "î
r�
���HX< 
¹כ�>� �)a��. Q = Q(q, p), P =

P (q, p) @/��� F1�̀¦ "î
r� → ���&h��Ð�>r
d�� (6.16)�̀¦ Q = Q(q, p), P = P (q, p) �̧�ª�Ü¼�Ð ��ÜãJ�9��� p = ∂F1(q,Q)

∂q �̀¦

Q\� @/K�"f Û�¦#Q"f Q = Q(q, p)_� g1J�Ð +��� ô�Ç��. s� Q\�¦ P = −∂F1

∂Q\� @/

{9�
���� P = P (q, p)\�¦ %3���H��.

s���Ér	כ

∂2F1

∂q∂Q
6= 0 →²DG�è&h�Ü¼�Ð ��0px (6.17)
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F1(q, Q)�� {9�ìøÍ&h�Ü¼�Ð��H �����<ÊÃº (multi-valued function)�Ð s��Qô�Ç

inversion�Ér jËµ[þt��.

F1\� _�ô�Ç ���8̈��Ér ��6£§õ� °ú �Ér ���8̈��̀¦ ½+É Ãº \O���. ýa³ð/BNçß�\�"f Q =

eq = f(q)ü<°ú �Ér���8̈��̀¦
������, Qü< q��H1lqwn�s���m�Ù¼�Ð F1(q,Q)ü<°ú �Ér

2 ���Ãº �̧�<ÊÃº\�¦ ëß�[þt Ãº \O���.

Õª�Q��, "é¶A� ���&h��Ð�>r �̧|	�

∮

C

[pdq − PdQ] = 0\�"f (6.18)

∮

C

[pdq − Pf ′(q)dq] = 0 (6.19)

C�� e��_�_� /BG���

p = Pf ′(q), p = Peq (6.20)

Q = eq, P = pe−q (6.21)

J =

∣∣∣∣∣∣
eq 0

−pe−q e−q

∣∣∣∣∣∣
= 1 (6.22)

{9�ìøÍ&h�Ü¼�Ð ���Ér 7áxÀÓ_� �̧�<ÊÃº\�¦ ¹1Ô�� ���8̈�d���̀¦ ¹1Ô��è­q Ãº e����.

∮
C d(P ·Q) = 0 (6.23)

↓
∮

QdP +
∮

PdQ = 0 (6.24)

∮
PdQ = − ∮

QdP (6.25)

∮
C(pdq + QdP ) =

∮
C dF2 = 0 (6.26)

F2 = F1 + PQ (6.27)

F2(q, P ) = F1(q, Q) + PQ (6.28)

P = −∂F1(q,Q)
∂Q (Legendre ���8̈�) (6.29)
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p = ∂F2

∂q , Q = ∂F2(q,P )
∂P (6.30)

F2 = Pf(q) (6.31)

p = Pf ′(q), Q = f(q) (6.32)

f(q) = q → identity transformation (6.33)

∮
d(p · q) = 0 → ∮

d(F1 − pq) = 0 (6.34)

∮
(pdq − PdQ)− ∮

pdq − ∮
qdp = 0 (6.35)

∴
∮

[−PdQ− qdp] =
∮

dF3 = 0 (6.36)

F3(p,Q) = F1(q, Q)− pq, p = ∂F1

∂q (6.37)

p = −∂F3

∂Q , q = −∂F3

∂p (6.38)

∮
d(F1 + PQ− pq) =

∮
dF4 =

∮
[QdP − qdp] (6.39)

F4(p, P ) = F2(q, P )− pq, p = ∂F2

∂q (6.40)

q = −∂F4

∂p , Q = ∂F4

∂p (6.41)

(q, p) → (Q,P )_� ���8̈��̀¦ ýa³ð>�\� _�ô�Ç ����o

K(Q,P ) = H(q(Q,P ), p(Q,P )) (6.42)

Q̇ =
∂Q

∂q
q̇ +

∂Q

∂p
ṗ (6.43)

=
∂Q

∂q

(
∂H

∂p

)
+

∂Q

∂p

(
−∂H

∂q

)
(6.44)

=
∂Q

∂q

(
∂K

∂Q

∂Q

∂p
+

∂K

∂P

∂P

∂p

)
− ∂Q

∂p

(
∂K

∂Q

∂Q

∂q
+

∂K

∂P

∂P

∂q

)
(6.45)

=
∂K

∂P

(
∂Q

∂q

∂P

∂p
− ∂Q

∂p

∂P

∂q

)
(6.46)

Ṗ =
∂P

∂q
q̇ +

∂P

∂p
ṗ = · · · = −∂K

∂Q
(6.47)

Dh ýa³ð>� (Q,P )_� Hamiltionian K(Q,P )��H H(q, p)\��� q = q(Q,P ), p =

p(Q,P )\�¦ @/{9�ô�Ç ��õ	כ �©�Ãº�½Ó�̀¦ ]jü@
��¦��H °ú ��.
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6.3k�ë5ÑUc �+×iµ
�ÐM� £o>».É

F (q, Q, t)\�¦ ½̈K�"f

p =
∂F1

∂q
, P = −∂F1

∂Q
(6.48)

_� �̧�ª�_� ���8̈�d���̀¦ %3�Ü¼��� s�\�¦ +'|9�#Q"f Q = Q(q, p, t), P = P (q, p, t)ü<

°ú s� r�çß� _��>r ���8̈�d���̀¦ %3���H��.

r�çß�\� _��>r
���H ���8̈�\�"f�̧

&ñ
ï�r���8̈� ↔ ���&h��Ð�>r
r�çß��̀¦ �¦&ñ
r���� ýa³ð���8̈�, r�çß��̀¦ ü@ÂÒB�>h���Ãº�Ð çß�ÅÒ½+É Ãº e����.

t\�¦ ü@ÂÒB�>h���Ãº�Ð �Ð��� ·ú¡ ]X�_� �7Ho�\�¦ Õª@/�Ð ÷&Û�¦s�
�#�

p = ∂F1(Q,q,t)
∂q , P = −∂F1(Q,q,t)

∂Q (6.49)

p = ∂F2(P,q,t)
∂q , Q = ∂F2(P,q,t)

∂P (6.50)

F2(P, q, t) = F1(Q, q, t) + PQ (6.51)

Q��H Q(P, q)_� �<ÊÃº�Ð �:r��. 7£¤, P = −∂F1

∂Q\�¦ Û�¦#Q"f F1, F2_� r�çß�����oÖ�¦

∂F2

∂t

∣∣∣∣
p,q

=
∂F2

∂t
+

∂F2

∂P

∂P

∂t
(6.52)

∂F2

∂t

∣∣∣∣
p,q

=
∂F1

∂t
+

∂F1

∂Q

∂Q

∂t
+ Q

∂P

∂t
+ P

∂Q

∂t
(6.53)

d�� (6.52) - (6.53)
∂F2

∂t
=

∂F1

∂t
=

∂F3

∂t
=

∂F4

∂t
(6.54)

Dhýa³ð>�_� Hamiltonian K(Q,P, t)

Q̇ =
∂Q

∂q
q̇ +

∂Q

∂p
ṗ +

∂Q

∂t
(6.55)

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
(6.56)

H(Q,P ) = H(q(Q,P ), p(Q,P )) (6.57)

6 - 7



chain rule &h�6 x

Q̇ =
∂H

∂P
+

∂Q

∂t
=

∂

∂P
(H +

∂F2

∂t
) (6.58)

Ṗ = −∂H

∂Q
+

∂P

∂t
= − ∂

∂Q
(H +

∂F1

∂t
(6.59)

∂F1

∂t
=

∂F2

∂t
=

∂F3

∂t
=

∂F4

∂t
(6.60)

K(Q,P ) = H(q(Q,P ), p(Q,P )) +
∂F1

∂t
(6.61)

r�ïß�_��>r &ñ
ï�r ���8̈��Ér Fi_� �̧�<ÊÃº\�¦ "î
r�
�#� ÅÒ#Q��� rule\� _�K�"f ���

8̈�d���̀¦ %3��¦ Dh Hamiltonian

K = H +
∂Fi

∂t
(6.62)

�Ð &ñ
_�
���� &ñ
ï�r���8̈��)a��.

Q = Q(q, p) →
P = P (q, p) ←

Fi(α, A, t) (6.63)

K(Q,P, t) = H(q, (Q,P ), p(Q,P )) +
∂Fi

∂t
(6.64)
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6.4£o>».É l�Òeµ�+ Þ����m� �×e�

•�×e� 1 &ñ
ï�r���8̈��Ér %i��<Æ&h� �©�I�_� r�çß�&h� �������̀¦ ³ð½+É Ãº e����.

q

p

),( 11 pq

),( 22 pq

q2 = q2(q1, p1), p2 = p2(q1, p1) (6.65)

F1(q1, q2)�� �>rF�K�"f

p1 =
∂F1(q1, q2)

∂q1
, p2 = −∂F1(q1, q2)

∂q2
(6.66)

�Ð ���8̈�d���̀¦ %3�6£§

time-evolution�Ér area-preserving

•�×e� 2

Q = ln(
sin p

q
), P = q cot p (6.67)

�� &ñ
ï�r���8̈�e���̀¦ �Ðs��¦ �̧�<ÊÃº F1(q,Q), F2(q, P )\�¦ ½̈
���.

PdQ = q cot p[cot pdp− dq

q
] (6.68)

= q cot p[dQ− dq

q
] (6.69)

pdq − PdQ = pdq − q cot2 pdp + cot pdq (6.70)

= pdq + qdp− q(cot2 p + 1)dp + cot pdq (6.71)

= d[pq + q cot p] = dF1 (6.72)
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d(q cot p) = cot pdq − q
1

cot2 p
dp (6.73)

F1(Q, q) = pq + q cot p (6.74)

p = sin−1(qeQ)�Ð @/{9�

F1(Q, q) = q sin−1 qeQ + [e−2Q − q2]1/2 (6.75)

1

Qeq 221−

Qqe

F2(q, P ) = F1(q, Q) + PQ (6.76)

p = cot−1 P

q
= tan−1 q

P
(6.77)

Q = ln
sin tan−1 q

P

q
= −1

2
ln(q2 + P 2) (6.78)

F2(q, P ) = q tan−1(q/P ) + P [1− 1

2
ln(q2 + P 2)] (6.79)

• �×e� 3

F1(Q, q) = λq2 cot Q\� _�K�"f Òqt$í
÷&��H ���8̈��̀¦ ½̈
��¦ (q, p) ³ð�&³\�"f

Hamiltonians�

H(q, p) =
p2

2m
+

1

2
mω2q2 (6.80)

�� �)a��ô�Ç����� (Q,P ) ³ð�&³\�"f K(P, Q)�� #Qb�G>� ÷&��H��?

λ\�¦ 2[
�#� K(Q,P )\�¦ Pëß�_� �<ÊÃº�Ð ëß�[þt#Q��
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p =
∂F1

∂q
= 2λq cot Q (6.81)

P =
∂F1

∂Q
= λq2 1

sin2 Q
(6.82)

¢̧��H

q =

(
P

λ

)1/2

sin Q (6.83)

p = 2(λP )1/2 cos Q (6.84)

����"f

p2 = 4λ2q2 cot2 Q = 4λ2q2cos2 Q

sin2 Q
(6.85)

K(P, Q) = P (
2λ

m
cos2 Q +

1

2
mω2 1

λ
sin2 Q) (6.86)

λ = 1
2mω�Ð ���×þ�

K(P, Q) = ωP = E (6.87)

Ṗ = 0 → P = const. (6.88)

Q̇ = ω → Q = ωt + Q0 (6.89)

P = E/ω (6.90)

q =
1

ω

(
2E

m

)1/2

sin(ωt + δ), p = (2mE)1/2 cos(ωt + δ) (6.91)

•�×e� 4.

F1(Q, q, t) = q(Q2 + t2)�̀¦ �Ðl��Ð ����� ∂F1

∂t = ∂F2

∂t \�¦ ���7£x
���.

P = −∂F1

∂Q
= −2qQ, Q =

P

2q
(6.92)

F2(P, q, t) = q(
P 2

4q2 + t2) + P (−P

2q
) (6.93)

∂F2

∂t
= 2qt (6.94)
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•�×e� 5. �¦&ñ
�)a ýa³ð>�\�"f î�r1lxýa³ð>��Ð_� ���8̈�

)(tD

q Q

Q(t) = q −D(t) (6.95)

F2(P, q, t) = P (q −D(t)) (6.96)

p =
∂F2

∂q
= P (6.97)

H(q, p) = p2

2m + V (q)�� 
���.

K(Q,P, t) =
P 2

2m
+ V (Q−D(t)) +

∂F2

∂t
(6.98)

=
P 2

2m
+ V (Q−D(t)) + PḊ (6.99)

î�r1lx~½Ó&ñ
d��:

Ṗ = −∂K

∂Q
= −∂V (Q−D(t))

∂Q
(6.100)

Q̇ =
∂K

∂P
=

P

m
− Ḋ (6.101)

mQ̈ = −∂V (Q−D)

∂Q
−mD̈ (6.102)

−mD̈��H ��5Åqýa³ð>�\�"f ����Ðl� jËµs���.

D̈ = 0 →�'a$í
ýa³ð>� (6.103)
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&ñ
ï�r���8̈��Ér ç�H (gp)�̀¦ +þA$í
ô�Ç��. (q, p) → (Q,P )_� %i����8̈� (Q,P ) →
(q, p)�̧ &ñ
ï�r���8̈�

¿º >h_� &ñ
ï�r���8̈��̀¦ ���5g�̧ ���&h��Ð�>r → &ñ
ï�r���8̈�

T1T2 = T3 (6.104)

T = I, F2 = qP : identity (6.105)

T1T2T3 = (T1T2)T3 = T1(T2T3)(associative) (6.106)

s� ×�æ\�"f�̧ <Éªp�e����H ���8̈��Ér identity ���8̈� ��H~½Ó\�"f_� ���8̈�s���.

F2(q, P ) = Pq + εW (q, P, ε) (6.107)

ε�Ér ����Ér Ãº

���8̈�d��:

p = P + ε
∂W (q, P, ε)

∂q
(6.108)

Q = q + ε
∂W (q, P, ε)

∂P
(6.109)

ε_� 1	� ��H���Ð s� ���8̈�d���Ér

Q = q + ε
∂G(q, p)

∂p
(6.110)

P = p− ε
∂G(q, p)

∂q
(6.111)

�Ð jþt Ãº e����. #�l�"f

G(q, p) = lim
ε→0

W (q, p, ε) (6.112)

s��
�ÉrÁºô�Ç�è&ñ	כï�r���8̈�_�Òqt$í
�� (generator)��ÂÒ�Ér��. F2ü<���Ér>pw�̀¦°ú�

�¦ e��6£§.
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s� M:, s� ���8̈�d��_� Q, P\�¦ ε_� �<ÊÃº�Ð �Ð�¦ εÜ¼�Ð p�ì�rô�Ç ��6£§ ε → 0_�

�FGô�Ç�̀¦ 2[
���.

∂Q

∂ε
=

∂G(q, p)

∂p
→ (ε → 0)

∂G(Q,P )

∂P
(6.113)

∂P

∂ε
=

∂G(q, p)

∂q
→ (ε → 0)

∂G(Q,P )

∂Q
(6.114)

s� d���Ér Hamiltonian î�r1lx~½Ó&ñ
d��õ� °ú ��.

∴ ε = δt�Ð ú̧�Ü¼���,G = H(q, p)H��H Áºô�Ç�è Òqt$í
�� (6.115)

(q(t), p(t)) → (q(t + δt), p(t + δt))�Ð ����H 0A�©� âì2£§�̀¦ Òqt$í

���H Òqt$í
��

�� ½+É Ãº e����.

θ : t×M → M defined by yi = hi(t, x1, · · · , xn)

X: the infinitesimal generator of θ

X =
∑

ḣi(0, x1, · · · , xn)
∂

∂xi
(6.116)

Ex. θ : R×R2 defined by

 y1

y2


 =


 cos t sin t

− sin t cos t





 x1

x2


 (6.117)

∴ X = x2 ∂

∂x1 − x1 ∂

∂x2 (6.118)

∴ integral curve of X: circle
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