
Chapter 5

Lagrangians

5.1 LagrangianN�

(1) Hamiltonian >�_� �̧{9�

p = mq̇ = m
dq

dt
(5.1)

�Ð Z�~�¦, Newton ~½Ó&ñ
d�� → Hamiltonian ~½Ó&ñ
d��

s� ~½ÓZO��Ér {9�ìøÍ&h���� ~½ÓZO�s� 3lw�)a��.

z

x

mg

m

z = cosh x��� /BN��� �̧�ª�_� ô=��\�¦ ���¦ p�=åJ#Qt���H ½̈_þt_� î�r1lx

î�r1lx~½Ó&ñ
d�� ẍ cosh x + ẋ2 sinh x + g tanh x = 0 (5.2)

p = mẋ�Ð Z�~Ü¼��� (5.3)

ẋ =
p

m
= vx =

∂H

∂p
(5.4)

ṗ = −∂H

∂x
= vp = −m2g tanh x + p2 sinh x

m cosh x
(5.5)

s�[þt�Ér (x, p) /BNÓ�o���Ãº�� 3lw�)a��.
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∇ · v =
∂vx

∂x
+

∂vp

∂p
= 0 (5.6)

∂vx

∂x = −∂vp

∂p�� ÷&#Q�� ô�Ç��. (vx = ∂H
∂p , vp = −∂H

∂x )

s� ë�H]j\�"f��H

∂vx

∂x (= 0) 6= −∂vp

∂p (6= 0) (5.7)

∴/BNÓ�o���Ãº (X) (5.8)

∴ H(X) (5.9)

��×�æ\� �Ðs���H ��ü< °ú s�

p = mẋ sinh x (5.10)

Ü¼�Ð &ñ
_�
����

H(x, p) =
p2

2m cosh2 x
+ mg cosh x (5.11)

ẋ =
∂H

∂p
=

p

m cosh2 x
= vx (5.12)

ṗ = −∂H

∂x
= vp (5.13)

�� ÷&�¦, (x, p)��H &ñ
ï�r /BNÓ�o���Ãº�� �)a��.

(2) s��Qô�Ç �â
Äº Lagrangian %i��<Æ>�\�¦ ëß�[þt�¦ s�#Q"f Hamiltonian >�\�¦

+þA$í

���H ��s	כ �Ð:�x

Hamiltonian +þAd��õ� Lagrangian +þAd��_� ���8̈��'a>�

l�
��<Æ&h� �¦¹1Ï

Legendre ���8̈�\� _�K�"f Lagrangianõ� Hamiltonians� ���8̈�÷&��HX< s��	כ

�̀¦ ]X�������8̈�

L(q, q̇), q̇ = u(generalized velocity) → L(q, u, t) (5.14)

↓
H(q, p) (5.15)
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Hamilton’s eq. of motion

u = q̇ =
∂H

∂p
, (5.16)

H(q, p, t)_� �<ÊÃº {©�ì�rçß� q, t\�¦ supress
��¦ H(p)�Ðëß� æ¼��.

H\�¦ specify
��9���

(0) H → L

(1) H\�¦ &ñ
_�
�����

(2) ∂2H
∂p2 (convex) > 0��
���. u = ∂H

∂pü<]X����s�H»¡¤õ�ëß�����H�§&h� L(u)\�¦

ï�r��.

접선의 기 울 기 : u
−절 편 : L(u)

u =
H(p)−]X�¼#�

p
=

H(p) + L(u)

p
(5.17)

qü< t\�¦ ³ðØ�¦

L(q, u, t) = pu−H(q, p, t) (5.18)

�� ÷&#Q"f

∂L

∂p
= u− ∂H

∂p
= 0 (5.19)

L(q, q̇, t)\�¦ %3���H��.

(Äº���_� p��H u = ∂H
∂p\�¦ :�xK� uü< t_� �<ÊÃº�Ð ��7
 Z�~��H��.)
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H =
p2

2m
+ V (q, t) (

p2

2m
= T ) (5.20)

{9� M:, L =?

∂H

∂p
=

p

m
= u, p = mu, (5.21)

L = pu−H = T − V (5.22)

L\�"f H�Ð ���8̈�½+É M: H�� convexs���� L�̧ convex
(

∂2H

∂p2

)(
∂2L

∂u2

)
=

∂u

∂p

∂p

∂u
= 1 (5.23)

∴ H : convex →∴ L : convex (5.24)

L�̀¦ specify½+É M: L(u)\�¦ ×�¦ Ãº�̧ e���¦, p = ∂L
∂uü< s� l�Ö�¦l� pü< L»¡¤_� �§&h�

H\�¦ specify½+É Ãº�̧ e����.

L(q, u, t) = pu−H(q, p, t) (5.25)

∂L

∂u
= p + (u− ∂H

∂p
)
∂p

∂u
= p (5.26)

∂L

∂u
=

∂p

∂u
u + p− ∂H

∂p

∂p

∂u
= p (

∂H

∂p
= u) (5.27)
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H + L

u
= p, H + L = up (5.28)

H = up− L, u��H p = ∂L(u,q,t)
∂u \�¦ :�xK�"f pü< q_� �<ÊÃº�Ð ��7
 Z�~��H��.

Lagrangian (P��â '�×Ça�ÐÏ�

∂L

∂q
= u

∂p

∂q
− ∂H

∂q
− ∂H

∂p

∂p

∂q
= −∂H

∂q
(5.29)

L(q, u, t), u =
∂H

∂p
(5.30)

ṗ = −∂H

∂q
=

∂L

∂q
=

d

dt

(
∂L

∂u

)
(5.31)

∴ d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= 0 (5.32)

5.2 LagrangianN��+ Þ����m� �×e�

�×e� 1. Lagrangian Lõ� L̄��H qü< t_� e��_�_� �<ÊÃº f(q, t)_� ���p�ì�r>�Ãº

d
dtf(q, t)ëß��pu 	�s��� e����. Lõ� L̄\� @/ô�Ç î�r1lx~½Ó&ñ
d���Ér Ô�¦���s���.

L̄ = L +
df

dt
(5.33)

= L +
∂f

∂q
q̇ +

∂f

∂t
(5.34)

∂L̄

∂q
=

∂L

∂q̇
+

∂f

∂q
→ d

dt

(
∂L̄

∂q̇

)
=

d

dt

(
∂L

∂q̇

)
+

d

dt

(
∂f

∂q

)
(5.35)

∂L̄

∂q
=

∂L

∂q
+

∂2f

∂q2 q̇ +
∂

∂q

(
∂f

∂t

)
(5.36)

(5.35)-(5.36),
d

dt

(
∂L̄

∂q̇

)
− ∂L̄

∂t
=

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= 0 (5.37)
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s� �'a>���H r�çß�\� _��>r
���H Lagrangian ~½Ó&ñ
d���̀¦ çß��è�or�v���HX< Ä»6 x
�

��.

ÅÒ_�:s�¿º Lagrangian�Ér"f�Ð���Érî�r1lx|¾Ó�̀¦&ñ
_�
��¦"f�Ð���Ér Hamil-

tonian�̀¦ +þA$í
.

p =
∂L

∂q̇
, p̄ =

∂L̄

∂q̇
(5.38)

�����,

p̄ = p +
∂f

∂q
(f�� tëß�_� �<ÊÃº) (5.39)

�×e� 2. |9�|¾Ó m��� ½̈_þts� z = f(x)����H /BG����̧�ª�_� ô=��\�¦ ���� p�=åJ#Qt�

��H î�r1lx

x\�¦ {9�ìøÍ�oýa³ð�Ð æ¼�¦ ẋ: {9�ìøÍ�o�)a 5Åq�̧

L = T − V (5.40)

T =
m

2
(ẋ2 + ż2) =

m

2
ẋ2(1 + f ′2(x)) (5.41)

V = mgf(x) (5.42)

L =
m

2
ẋ2(1 + f ′2(x))−mgf(x) (5.43)

p =
∂L

∂q̇
= mẋ[1 + f ′2(x)] (5.44)
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Hamiltonian�Ér

H(x, p) = ẋp− {1

2
mẋ2(1 + f ′2(x))−mgf(x)} (5.45)

Lagrange’s eq. of motion:

ẍ[1 + f ′2(x)] + ẋ2f ′(x)− f ′′(x) + gf ′(x) = 0 (5.46)

ẋ =
p

m(1 + f ′2(x))
(5.47)

H =
p2

2m(1 + f ′2(x))
+ mgf(x) = T + V (5.48)

f(x) = cosh x

H =
p2

2m
+ mg cosh x�� ÷&�¦ î�r1lx�©�Ãº (5.49)

E = T + V =
m

2
ẋ2 cosh2 x + mg cosh x (5.50)

(O) preserving-area

tionrepresenta),( −px

(X) preserving-area

tionrepresenta),( −xx
�
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