
Chapter 4

Conservative Hamiltonian Systems of One De-

gree of Freedom

4.1 Hamiltonian �]�Áþ�N�

1	�"é¶ %i��<Æ>�

m
d2q

dt2
= F (q, t) (4.1)

dq

dt
=

p

m
,

dp

dt
= F (4.2)

~r = (q, p)(0A�©�/BNçß�), ~v = (
p

m
,F )(5Åq�̧�©�) (4.3)

1	�"é¶��� �â
Äº F��H �½Ó�©� potential �<ÊÃº�ÐÂÒ'� Ä»�̧�)a��.

V (q, t) = −
∫ q

q0

F (q′, t)dq′ (4.4)

−∂V

∂q
= F,

p

m
=

d

dp

(
p2

2m

)
(4.5)

Def.:H =
p2

2m
+ V (q, t) : Hamiltonian �<ÊÃº (4.6)

î�r1lx~½Ó&ñ
d���Ér

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
: Hamilton’s eq. (4.7)

s��Qô�Çî�r1lx~½Ó&ñ
d��\�_�K�"ft�C����H>�\�¦ Hamiltonian%i��<Æ>����¦ô�Ç��.

����"f, 5Åq�̧�©��Ér

~v = (
∂H

∂p
,−∂H

∂q
) (4.8)

���l�>�(�r�Ð~½Ó&ñ
d��),ÒqtÓüt�<Æ&h�>�,�â
]j�<Æ&h�>�\��̧ Hamiltonian>���e����.
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(q, p): {9�ìøÍ�o�)a ýa³ð, Õª /BNÓ�o î�r1lx|¾Ó

H(q, p, t)�� r�çß�_� �<ÊÃº�� ��m����

H = H(q, p) : autonomous Hamiltonian system (4.9)

�Ð�>r>�_� Hamiltonian �<ÊÃº°úכ_� ����o\�¦ �Ð��. (î�r1lx�̀¦ ����"f {9�#Q����H)

dH

dt
=

∂H

∂q
q̇ +

∂H

∂p
ṗ = 0 (4.10)

s� ÷&#Q î�r1lx\� ��ØÔ��H Hamiltonian �<ÊÃº°úכ�Ér �Ð�>r�)a��. s��Qô�Ç _�p�\�"f

�Ð�>r>�

∴ 1px Hamiltonian ����Ér Ô�¦���|9�½+Ë

Newton %i��<Æ>���� �â
Äº H = E(8úx\��-t�)

Hamiltonian �<ÊÃº 2	�"é¶ 0A�©�î̈
���\�"f Õªo��¦ Õª l�Ö�¦l�\�¦ �Ð��.

p

q

),( pqHH =

∇H = (
∂H

∂q
,
∂H

∂p
) s� l�Ö�¦l���H ~vü< "f�Ð f���§, Õª ß¼l���H °ú ��.

~v =


 0 1

−1 0


∇H (4.11)

~v��H l�Ö�¦l� ∇H\�¦ -90◦ �r���r���� �s���.	כ
 cos θ − sin θ

sin θ cos θ


 , −θ = 90◦ (4.12)
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H∇ v
o90

0A_� ��z�́�̀¦ 7áx½+Ë����, Hamiltonian >�_� phase flow\�¦ ~1�>� Õªwn= Ãº e��

��.

• ���$� H(q, p)_� 1px�¦����̀¦ Õª�9��.

+

−

EH =

EEH ∆−=

H∇

v

Phase flow��H1px�¦����̀¦���Ér��. Flow_� sense��H±ú��Ér\��-t�Aá¤ (-)�̀¦ �̧�Ér

Aá¤\� z��¦ âì�Ér��.

∇H: 1px�¦���\� f��y��s��¦ Z�}�Ér \��-t�Aá¤�̀¦ �¾Ó��¦ Õª ß¼l���H H = Eü<

H = E −∆E ��s�_� ��o�\�¦ ∆ls����¦ ����

|∇H| = ∆E

∆l
(4.13)

∴ s�Ö�©���H ¿º 1px�¦��� ��s�_� ∆E��H flow\�¦ ��ØÔ���"f Ô�¦���s�Ù¼�Ð

∆ls� ß¼��� |~v|��H ����¦ ∆ls� ���Ü¼��� |~v|��H ß¼��.

ÉÙ�â �\�

∇H = (∂H
∂q , ∂H

∂p ) = 0÷&��H&h��̀¦&ñ
�©�&h� (stationary point)s������H Hamil-

tonian �<ÊÃº_� &ñ
�©�&h��̀¦ 0A�©�âì2£§_� ÂÒ1lx&h�s� �)a��.

∇H − 0 → ~v = 0 (4.14)
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ÂÒ1lx&h�õ� H-1px�¦����Ér Hamiltonian %i��<Æ>� 8úxF�c&h� �ª��©��̀¦ ï�r��.

4.2ë5Ñí5�ø5� �×e�

�×e� 1. �©�Ãº%i��©�

F = const. = −a (4.15)

V (q) = aq(a > 0) (4.16)

H =
p2

2m
+ aq = E (4.17)

)(qV

q q

p

0<E 0>E

증가E

− +

q = − p2

2ma
+

E

a
(4.18)

|p|�� 7£x��½+ÉÃº2�¤ |v|��H &�f��, 1px�¦��� çß����s� a%v��f��.

�×e� 2. F�� q_� ���+þA�<ÊÃº

a) F = −aq linear attraction

b) F = aq linear repulsion
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a) V = a
2q

2

)(qV

q

H =
p2

2m
+

a

2
q2 (4.19)

p

q−

+

b) F = aq → V = −a
2q

2

H =
p2

2m
− a

2
q2 = E (4.20)

2mE = p2 −m2γ2q2, γ2 = a/m (4.21)

= (p + mγq)(p−mγq) (4.22)
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0>E

0=E

Reversible-symmetry에 대 한

conjugate orbit

Symmetric orbit

(0,0)�Ér ÂÒ1lx&h�s��¦ Ô�¦îß�&ñ
 �©�/BG��� &h�

�©�/BG���&h�\� ü<²ú¢�Ér ¿º>h_� f������Ér ���)� ���Ér $í
|9�_� î�r1lx�̀¦ °ú���Z�~��H

��.: ì�r>����(separatrix)

Newton ~½Ó&ñ
d��

q̈ = γ2q (4.23)

q = A+eγt + A−e−γt (4.24)

p = mγ(A+eγt + A−e−γt) (4.25)

E = −2mγ2A+A− (4.26)

A+ü< A−_� ÂÒ ñ�� î�r1lx_� �ª��©��̀¦ &ñ
ô�Ç��.

�×e� 3. 3	�d�� potential �<ÊÃº

V (q) =
1

2
ω2q2 − 1

3
Aq3 (A > 0) (4.27)

q = 0\�"f ×�æ��H�̀¦ °ú��¦ q = 3ω2/2A\�"f ���Ér ��H�̀¦ °ú���H��.

F (q) = −∂V

∂q
= ω2q − Aq2 − 0 (4.28)

s� ÷&��H &h�s� (p = 0ü< �<Êa�) &ñ
�©�&h��̀¦ ï�r��.

&ñ
�©�&h�: ~r = (~q, ~p), ~v = ~̇r = (~̇q, ~̇p) = 0 (4.29)
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q = 0ü< q = q1 = ω2

A�� ÂÒ1lx&h�s� �)a��.

q = 0 ��H~½Ó\�"f��H V_� Aq3�½Ó�̀¦ Áºr�½+É Ãº e��Ü¼Ù¼�Ð �Ðl� 2 a)\�"f �:r ��

"é¶&h�

∂2V

∂q2 = ω2 − 2Aq|q=q1
= ω2 − 2ω2 < 0 (4.30)

turning point A2

3 2ω

�Ðl�2 b)\�"f �:r �©�/BG��� &h�

�̧��H orbitss� symmetric orbits
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4.3��
ð5��\� (P��â 

4.3.1 ��
ð5��\� potential

Stationary point: phase velocity = ~0��� &h�. → H_� stationary point.

{9�ìøÍ&h�Ü¼�Ð z�́Ãº 2���Ãº �<ÊÃº H = H(q, p)_� stationary point��H �FG@/, �FG

�è��H ��"é¶&h�, îß��©�&h��Ér �©�/BG���&h��̀¦ ï�r��.

H = p2

2m + V (q)��� g1J\�"f��H �FG@/��H Òqtl�t� ·ú§��H��.

V (q)_� �FG�è: ��"é¶&h� → H_� �FG�è → Hamiltonian >�_� ��"é¶&h�

��H~½Ó_� phase flow��H r�>���Zþt~½Ó�¾Ó
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V (q)_� �FG@/: �©�/BG���&h� → H_� saddle



1
m 0

0 V ′′(q)


 → ∆ =

V ′′(q)
m

(4.31)

∆ > 0 → 1
m > 0s�Ù¼�Ð �FG�è,

∆ < 0 → saddle point

4.3.2 �Dnכ��»ë5ÑUc"��+ m¬¦�>(P��â 

z�́Ãº 0Au�/BNçß�\�"f_� î�r1lxs� �½Ó�©� (−∞,∞)\�"f {9�#Q±ú� ¹��Hכ��9 \O���.

��Ä»�r���î�r1lx�̀¦ �Ð���

ψ

H =
p2

2G
G :�'a$í
0pxÒ�¦ (4.32)

�r���y�� ψ\�¦ ú̧���ÅÒ���, ψ��H {0, 2π}��s�\�"fî�r1lx����"f0Au�/BNçß��Ér"é¶.Õª

½̈çß�_� �ª�=åQëß� "î
r�K� ÅÒ��� �)a��.

Õª /BNÓ�oî�r1lx|¾Ó y�� î�r1lx|¾Ó p��H \O�����Ht� 9þt Ãº e����. 0A�©�î�r1lx�Ér l���êøÍ

"é¶:�x

ψ = π÷&��H ����̀¦ ú̧���"f (R�Ð��� l���êøÍ Ä»ô�Ç;�¤�̀¦ ����� î̈
���
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p = 0 ψ��H e��_��� ÂÒ1lx&h�. s� ÂÒ1lx&h��Ér ��"é¶&h��̧ �©�/BG��� &h��Ér ��_��.

s��Qô�Ç �¦wn�ÂÒ1lx&h�_� ÂÒF���H s�[þt ÂÒ1lx&h�s� ½̈�̧&h�Ü¼�Ð Ô�¦îß�&ñ
�����H

�¦̀�	כ \V�¦��¦ e����.

4.3.3 ¢�>�\� ÜWè�æ·l�

��Ä»�r���\� ����Ér [O�1lx V (ψ): ψ_� ÅÒl� �<ÊÃº (2π ÅÒl�)

H =
p2

2G
+ V (ψ) (4.33)

V (ψ) = −Fl cos ψ (4.34)

ψ
l

A
F

H(ψ, p) =
p2

2
− α2 cos ψ, α2 = Fl (4.35)

ψ̇ = p, ṗ = −α2 cos ψ (4.36)
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α2s� ��Áºo� ������̧ ��"é¶&h�õ� �©�/BG���&h�s� �)a��.

∴ �Ðl� 4.3.2��H ½̈�̧&h� Ô�¦îß�&ñ


Rotations��� libration�Ér ÅÒl� î�r1lxÜ¼�Ð Õª ÅÒl�

H =
p2

2m
+ V (q) = E (4.37)

p = ±[2m(E − V )]1/2 (4.38)

q̇ =
p

m
= ±[

2

m
(E − V )]1/2 (4.39)

∫ t

dt′ = ±(
m

2
)1/2

∫ q dq′√
E − V (q′)

(4.40)

�r���î�r1lx

T =

∫ T

0
dt′ = (

m

2
)1/2

∣∣∣∣∣
∫ 2π

0

dψ√
E − V (q′)

∣∣∣∣∣ (4.41)

libration

V (q1) = V (q2) = E(q1 < q2) (4.42)

T = 2(
m

2
)1/2

∫ q2

q1

dψ√
E − V (q′)

(4.43)

Hamiltonian >�

1. H-1px�¦��� → phase flow

2. - ±ú��Ér \��-t� %ò
%i��̀¦ �̧�ÉrAá¤\� z��¦ âì�Ér��.
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3. H_� l�Ö�¦l� → |~v|

4.4¢�>�\��××iµÅ]�ø� Liouville Ça�h�

q

p

S∆ l∆ vS
v

E
l

∝∆

∆=∆

autonomous conservative system

+

−

p

&h� p\�"f°ú �Érr�çß�çß���� ∆tÜ¼�Ð|9�&h��̀¦���m��b��#Qä¼o����5Åq�̧��	�H/BM

\�"f��H çß����s� ZO�#Qt��¦ 5Åq�̧�� ����Ér /BM\�"f��H |9�&h� ��s�_� çß����s� a%v��.

Õª çß���� ∆S = v∆t

A = ∆S∆l = v∆t∆l = ∆E∆t, ∆l =
∆E

v
(4.44)

∆E, ∆t��H �©�Ãºs�Ù¼�Ð Hamiltonian âì2£§\�"f ���&h��Ð�>r�)a��. ∆t → 0

q���Ö�¦>���� �â
Äº (nonautonomous system) H(q, p, t)�̀¦ r�çß�_� ����<ÊÃº

(explicit function) 1px�¦��� (=0A�©�âì2£§)_� ~½ÓZO��Ér &h�6 xÔ�¦��.

Hamiltonian �<ÊÃº°úכ_� î�r1lx\� ��ØÔ��H r�çß�����o\�¦ �Ð��.

dH

dt
=

∂H

∂t
(4.45)

s� ����o|¾Ó�Ér �&³ 0A�©�0Au�\� �¦&ñ
÷&%3����¦ �Ð��¤�̀¦ M: s� 0A�©�0Au�\�"f_�

H-�<ÊÃº°úכ_� ����o

7£¤, H=const.\� ��ØÔ��H î�r1lxs� ��_��
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+

+ ),( 00 pq

),( 11 pq

q

p

(q0, p0), (q1, p1)�̀¦ #Q�"� î�r1lx�̀¦ ��ØÔ��H :£¤&ñ
ô�Ç 0A�©�/BG��� �©�\� e����H r�çß�

t0ü< t1 M:_� ¿º 0A�©�&h�s��� ���. t1 = t0 + δt�� Z�~��.

q1(t1), p1(t1)�̀¦ ��6£§õ� °ú s� ���>hô�Ç��.

q1 = q(t0 + δt) = q0 + δt
∂H

∂p0
+ O(δt2) (4.46)

p1 = p(t0 + δt) = p0 − δt
∂H

∂q0
+ O(δt2) (4.47)

0A d���Ér �¦&ñ
�)a t0ü< δt\� @/ô�Ç (p1, q1)õ� (p0, q0) ��s�_� ���8̈�d��

e��_�_� �̀/BG���\� Ñüt�Q����� %ò
%i�_� ���&h�s� s� ���8̈�d��\� #Qb�G>� ������H��

��H Õª Jacobian °úכ\�ëß� _��>rô�Ç��.

J =

∣∣∣∣∣∣

∂q1

∂q0

∂p1

∂q0

∂q1

∂p0

∂p1

∂p0

∣∣∣∣∣∣
(4.48)

=

∣∣∣∣∣∣
1 + δt ∂2H

∂p0∂q0
−δt∂2H

∂q2
0

δt∂2H
∂p2

0
1− δt ∂2H

∂q0∂p0

∣∣∣∣∣∣
(4.49)

= 1 + O(δt2) = 1 + δt2[
∂2H

∂p2
0

∂2H

∂q2
0
− (

∂2H

∂q0∂p0
)2] (4.50)

∴ ���&h� ����o��H δt2\� q�YVô�Ç��.

e��_�_� r�çß�çß���� T\�¦ NÜ¼�Ð ��¾º#Q δt = T
NÜ¼�Ð ú̧�Ü¼��� ���&h�����o��H δt

r�çß� 1lxîß�\� ( T
N )2\� q�YV��¦ T r�çß� 1lxîß�\���H N( T

N )2 = T 2

N\� q�YV��¦

N →∞, δ → 0Ü¼�Ð �Ð?/��� ����o|¾Ó → 0.
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���&h��Ð�>r$í
 ↔ Hamiltonian >�

∴ Any flow satisfying Hamilton’s equations is are-preserving.
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