
Chapter 3

Second-Order Autonomous Systems

Newton %i��<Æ>���H @/ÂÒì�r 1	��Ð����H �¦	� �����Ãº �<ÊÃº

d2x

dt2
= f(x, t) (3.1)

d2x

dt2
= a(x, t) (3.2)

x = x1 (3.3)

dx2

dt
= a(x1),

dx1

dt
= x2 (3.4)

~r = (x1, x2), ~v = (ẋ1, ẋ2) (3.5)

~̇r = v(~r) (3.6)

v(~rk) = 0s� ÷&��H ~rk��H ÂÒ1lx&h�

\V) |9�|¾Ó\O���H }��@/\� ²ú��2; ��¥[þts�
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Strongly stable: T : a given map, x̂: a fixed point.

∃ some neighborhood U such that T (U) ⊂ U and ∩n≥0T
n(U) = {x̂}.

dissipations� e����H �â
Äº

limt→∞ ~r(t) = ~rk�� |̈c M: ÂÒ1lx&h� ~rk��H î�r1lx ~r(t)_� attractor�� ô�Ç��.

ÂÒ1lx&h� ~rk��H [j>�(strongly) or &h���H&h�Ü¼�Ð îß�&ñ
.

kr
�

~rk_� ��H~½Ó_� �̧��H î�r1lx�Ér rk�Ð =åJ�2;��.

7á§�8 ½̈�̂&h�Ü¼�Ð ��H~½Ó�̀¦ ~rk\�¦ ×�æd��Ü¼�Ð ô�Ç "é¶Ü¼�Ð ú̧���.

kr
�

î�r1lx�̀¦ “�í�<Êô�Ç��”: t = 0{9� M: ½̈%i� R2\�"f r����ô�Ç �̧��H î�r1lxs� t ≥ 0���

�̧��H t\�"f ½̈%i� R1\� z���� e��Ü¼��� R1�Ér ���Ér R2\�"f

r����ô�Ç �̧��H î�r1lx�̀¦ �í�<Êô�Ç��.
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Stable: For every neighborhood U , ∃ a subneighborhood V such that

T n(V ) ⊂ U , ∀n ∈ Z+

0≥t

1R0
2

=t

R

~r(0) ∈ R2 → ~r(t) ∈ R1 (t ≥ 0) (3.7)

îß�&ñ
$í
�Ér ~rk_� �̧��H ��H~½Ós� #Q�"� ���Ér ��H~½Ó_� î�r1lx�̀¦ �í�<Ê½+É M:

3.1ò5ÑÇa�Å]��+ ËÂÌfC

���+þAîß�&ñ
$í
�̀¦ ¶ú�(R�Ðl��Ð 
���.

~̇r = ~v(r), v(rk) = 0 (3.8)

ÂÒ1lx&h� ��H~½Ó\�"f Taylor ���>h

v(r) = v(rk) +
∂v

∂x1

∣∣∣∣ (x− x1) +
∂v

∂x2

∣∣∣∣ (x− x2) + · · · (3.9)

r̃ = r − rk (3.10)

���+þA 2	� ��Ö�¦>�

���Ãº�� ì�ro�÷&��H �â
Äº\� → diagonalize

ẋ1 = v(x1) = a1x1 (3.11)

ẋ2 = v(x2) = a2x2 (3.12)
 ẋ1

ẋ2


 =


 a1 0

0 a2





 x1

x2


 (3.13)
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x1 = x0e
a1t, x2 = y0e

a2t (3.14)

i) a1, a2 < 0

y

x

012 << aa

node stable

y

x

021 << aa

ii) a2 > a1 > 0, a1 > a2 > 0

y

x

y

x

unstable node
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iii) a1 = a2 < 0 iv) a1 = a2 > 0

y

x

star stable star unstable

y

x

v) a1/a2 < 0

y

x

point hyperbolic

21 0 aa <<

���Ãºì�ro��� �FGýa³ð>��Ð s�ÀÒ#Q|9� M:, 7£¤ x1 = r, x2 = θ��� �â
Äº r $í
ì�r>�

��H r = 0\�"f ������â
>�\�¦ s�ÀÒ�¦ ����"f ÂÒ1lx&h�s� �)a��. θ $í
ì�r>�_� 0A�©�

/BNçß��Ér "é¶s� �)a��.

• ���Ãºì�ro�: ���+þA>�_� î�r1lx~½Ó&ñ
d��

ṙ = αr → r = r0e
αt, θ̇ = ω (3.15)

r = 0: ÂÒ1lx&h�
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α < 0, ω > 0

point) (spiral 점 소 용 돌 이

α < 0, ω < 0

�è6 x[�ts� &h��Ér [j>� îß�&ñ
s��¦ ���§4���s���

α > 0, ω > (<)0

�o¶ú�³ð\�¦ ��7
ÅÒ��� phase flow�� �)a��

0>ω 0<ω

ω = 0s����, α < 0, α > 0\� ���� îß�&ñ
 ¢̧��H Ô�¦îß�&ñ
 Z>�&h�s� �)a��.

s��Qô�Ç 0A�©�âì2£§_� K�$3�&h� ³ð�&³

r = r0e
αt, θ = ωt + θ, (3.16)

r = r0e
α(θ−θ0)/ω (3.17)
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α = 0��� �â
Äº r =const. Ô�¦���|9�½+Ë

r = 0: ��"é¶&h�

0>ω

0<ω

~̇r = A~r�̀¦ Cartesian ýa³ð>��Ð ³ð�&³

A =


 α −ω

ω α


 (3.18)

3.2¤n>ÌfC ò5ÑÇa�Å]� &P��7�

~v(~r) = A~r + O(|~r|2) :ÂÒ1lx&h� ��H~½Ó\�"f_� ���+þA ��H�� (3.19)

~̇r = A~r (3.20)

A =


 a b

c d


 2-dim (3.21)

A_� �¦Ä»u�ü< ÂÒ1lx&h�_� îß�&ñ
$í
�̀¦ �Ð��

B = MAM−1 : ³ðï�r+þAÜ¼�Ð �¦gË> (3.22)

~R = M~r : Dh�Ðî�r ýa³ð (3.23)

~̇R = B ~R (3.24)
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• ]j17áx: �¦Ä»u� λ1, λ2�� z�́Ãºs��¦ "f�Ð ��\�¦ M:

Ẋ = λ1X, Ẏ = λ2Y (3.25)

���&h�s� �Ð�>r÷&��H �â
Äº �©�/BG���&h�

���&h�s� �Ð�>r÷&t� ·ú§��H �â
Äº: îß�&ñ
 Ô�¦îß�&ñ
 B�[þv

• ]j27áx: �¦Ä»u��� 4�¤�èÃºs����"f "f�Ð /BNÓ�o{9� M:

2-dim.\���� ���&h�s� �Ð�>r÷&��H îß�÷&��H 
����� 4�¤�èÃºs����

���Ér 
�����H /BNÓ�o4�¤�èÃº

λ1 = α + iω, λ2 = α− iω (3.26)
 α −ω

ω α


 (3.27)

r
dr

dt
= x

dx

dt
+ y

dy

dt
= αr2 → dr

dt
= αr (3.28)

x = r cos θ,
dx

dt
=

dr

dt
cos θ + cos θ

dθ

dt
→ dθ

dt
= ω (3.29)

λ1,2 = e±iθ, α = 0 :��"é¶&h� (3.30)

���&h�s� �Ð�>rîß�÷&��H �â
Äº: λ1 = α + iω, λ2 = λ∗1

α < 0: îß�&ñ
 �è6 x[�ts� &h�

α > 0: Ô�¦îß�&ñ
 �è6 x[�ts� &h�

• ]j37áx: �¦Ä»u��� z�́Ãºs����"f "f�Ð °ú �̀¦ M:

b = c = 0, a = d → ẋ = λx, ẏ = λy (3.31)

Z>�&h�s� �)a��. λ > (<)0 îß�&ñ
,Ô�¦îß�&ñ


c 6= 0s����,

B =


 λ 0

c λ


 (3.32)

3 - 8



Ẋ = λX, Ẏ = cX + λY (3.33)

X = X0e
λt, Y = (Y0 + cX0t)e

λt (3.34)

|t|�� ��ÅÒ ß¼��� Y0 Áºr�

Y/X = ct =
c

λ
ln

X

X0
, ln

X

X0
= λt (3.35)

λ < 0 → t < 0{9� M: Õªo��¦ |t| >> 1

λ−1 ln
X

X0
= t (3.36)

sign(Y/X) = −signc (3.37)

t > 0 and |t| >> 1

sign(Y/X) = C (3.38)

X = X0e
λt (3.39)

λ < 0 → limt→∞X(t) = 0, limt→∞ Y (t) = 0, limt→∞(Y/X) →∞ (3.40)

signX =Ô�¦��� (3.41)

(1) ∴ Y�� sign�̀¦ ��õ�H��

(2) t →∞ → Y → 0, Y/X →∞
(0, 0): ���§4���, "é¶&h�\�"f Y»¡¤õ� ]X�ô�Ç��.
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y

x

îß�&ñ
ô�Ç improper node, attractor

λ > 0 → Ô�¦îß�&ñ
ô�Ç improper node, repeller

A_� �¦Ä»u�

λ1 < λ2 < 0 îß�&ñ
B�[þv (3.42)

λ1 > λ2 > 0 Ô�¦îß�&ñ
B�[þv (3.43)

λ1 < 0 < λ2 �©�/BG���(Ô�¦îß�&ñ
) (3.44)

λ1 = λ2 < 0 îß�&ñ
Z>�&h� (3.45)

λ1 = λ2 > 0 Ô�¦îß�&ñ
Z>�&h� (3.46)

λ1 = λ∗2 = α + iω[α < 0, ω > (<)0] îß�&ñ
�è6 x[�ts� (3.47)

λ1 = λ∗2 = α + iω(α > 0) Ô�¦îß�&ñ
�è6 x[�ts� (3.48)

λ1 = λ∗2 = iω ��"é¶&h� (3.49)

λ1 = λ2 < 0(b 6= 0 or c 6= 0) îß�&ñ
ô�Ç improper node (3.50)

λ1 = λ2 > 0(b 6= 0 or c 6= 0) Ô�¦îß�&ñ
ô�Ç improper node (3.51)

λ = λ1 = λ2 < 0(b = c = 0, λ > 0) Ô�¦îß�&ñ
ô�Ç Z>�&h� (3.52)

λ = λ1 = λ2 < 0(b = c = 0, λ < 0) îß�&ñ
ô�Ç Z>�&h� (3.53)
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3.3 Summary

1lx%i��<Æ>�: #Q�"� /BNçß�_� �̧��H &h�[þts� r�çß�\� ���� #Qb�G>� ����o
���H��\�¦

l�Õüt
���H �̂>� Õª /BNçß��̀¦ 0A�©�/BNçß�

Õª &h�s� ¹¡§f��s���H C��̧: 0A�©� âì2£§

~̇x = ~v(~x)�Ð ÅÒ#Q��� î�r1lx~½Ó&ñ
d��: (��Ö�¦>�)

~v(~x): 5Åq�̧�©�

5Åq�̧�©��̀¦ ÅÒ��� s� 1lx%i��<Æ>�_� @/y©�_� :£¤fç
�̀¦ ¶ú�(R�̂¦ Ãº e����.

ÂÒ1lx&h�, Ô�¦���|9�½+Ë

ÂÒ1lx&h�: ~v(~xk) = 0

ÂÒ1lx&h� ��H~½Ó_� 0A�©� âì2£§s� ÂÒ1lx&h�_� $í
����̀¦ ï�r��.

~s = ~r − ~rk, ~̇s = A~s, A =




∂vx

∂x
∂vx

∂y

∂vy

∂x
∂vy

∂y




~x=~xk

(3.54)

A_� $í
|9�s� ~xk ��H~½Ó_� 0A�©� âì2£§�̀¦ ï�r��.

• Limit Cycle

�FGýa³ð>�\�"f ���Ãºì�ro�÷&�¦ r = 0 s�ü@\� Ô�¦���|9�½+Ës� e���̀¦ M:

ṙ = α(r −R)R, R > 0 (3.55)

θ̇ = ω (3.56)

r = RÔ�¦���|9�½+Ë (3.57)

α < 0

ṡ = λs, s = r −R, λ = αR (3.58)

r −R = (r0 −R)eλt (3.59)

θ = ωt + θ0 (3.60)

r = R + (r0 −R)eλ(θ−θ0)/ω (3.61)
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λ < 0

cyclelimit 

λ > 0

λ = 0
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