
Chapter 2

Linear Transformations of the Plane
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���+þA�:rä¼l�: f����� → f�����
{���2³ÕªaË>g1J → {���2³ ÕªaË>g1J

éß�0A W1�̧g1J_� time-evolution�̀¦ �Ð��.
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�:rA� W1�̧g1Jõ� �:r��H ÕªaË>g1J_� ���&h�s� °ú �̀¦ �â
Äºü< ��\�¦ �â
Äº ¿º��t�\�¦

Òqty��
���.

���&h�s� �Ð�>r÷&��H �:rä¼l�: Hamiltonian >�

���&h�s� �Ð�>r îß�÷&��H �:rä¼l�: contracting or expanding
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DetA = ad− bc = δ, δ 6= 0 :��&ñ
→ A : nonsingular (2.2)

|δ| = 1: ���&h��Ð�>r

|δ| 6= 1: ���&h��Ð�>r (X)

dX · dY =
∂(X,Y )

∂(x, y)
dxdy (2.3)

2.1 Area-preserving (¢�>�\��××iµ) £o>».É

|A− λI| = 0 (2.4)

δ = 1��� �â
Äº

λ2 − TrAλ + 1 = 0 (2.5)

TrA = τ = a + d (2.6)

λ1,2 =
τ

2
±

√
(
τ

2
)2 − 1 (2.7)

(1) |τ | > 2 s���� λ1,2: z�́Ãº

(2) |τ | < 2 s���� |λ1,2| = 1, "f�Ð /BNÓ�o

(3) |τ | = 2 s���� λ1,2 = 1

(1,0)(-1,0)
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(1) λ1 · λ2 = 1, λ1 > λ2�� 
���

λ1λ2λ1λ2

τ < -2 τ > 2

(2) λ1 = α + iω = eiθ, λ2 = α− iω = e−iθ → λ1 · λ2 = α2 + ω2 = 1.

-2 < τ < 0

0 < τ < 2

α, ω, Õªo��¦ θ��H �̧¿º z�́Ãºs��¦ ω_� ÂÒ ñ\�¦ A_� "é¶�è c_�

ÂÒ ñü< {9�u�r�v���H �'aYV\�¦ 2[ô�Ç��.

sign ω = sign c, 0 ≤ θ ≤ π (2.8)

(3) |τ | = 2

τ = 2 or τ = −2 (2.9)

τ = -2

τ = 2
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�¦Ä»u�_� 37áxs� �:rä¼l� A\��̧ óøÍs�ô�Ç ½̈Z>��̀¦ ï�r��. s��¦̀�	כ �Ðl� 0AK�"f

A\�¦ #Q�"� q�:£¤s� 2 × 2 '��§>= M_� ²ú©�Ér ���8̈��̀¦ :�xô�Ç ³ðï�r+þA B\�¦ ëß�[þt#Q"f

�¦¹1Ïô�Ç��.

B = MAM−1 (2.10)

2-dim.\���� Trü< Det °úכs� eigenvalues\�¦ ���&ñ
.

Det|A| = Det|B|, T rA = TrB (2.11)

∴ eigenvalue�̧ �Ð�>r

• ]j 1 7áx

right eigenvector:


 b b

λ1 − a λ2 − a


 (2.12)

M =


 c λ1 − a

c λ2 − a


 A_� left eigenvector (2.13)

↓ M−1 =
1

c(λ2 − λ1)


 λ2 − a a− λ1

−c c


 (2.14)

B =


 λ1 0

0 λ2


 (2.15)

1 λ1

λ2

1 λ1 > 1

찌브림 (squeeze)
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λ1

λ2

R -1 < λ1 < 0

찌브림 + 반 전 (reflection)

Q

P

R’

P’

Q’

• ]j 2 7áx

M =


 c α− a

0 ω


 (2.16)

M−1 =
1

ωc


 ω a− α

0 c


 (2.17)

B =


 cos θ − sin θ

sin θ cos θ


 =


 α −ω

ω α


 (2.18)

Rotation

θ

{9�ìøÍ&h���� matrix_� eigenvectors��H orhtogonal (X)

∴ degeneracy �>rF�
���� diagonalize (X)
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• ]j 3 7áx

M =


 a− d 2b

2c 0


 (2.19)

↓ M−1 =
1

4bc


 0 2b

2c d− a


 (2.20)

B =


 λ 0

c λ


 , λ = ±1 (2.21)

shear

c

c λ = 1

R λ = -1

shear + 반전

Q

P

R’

P’

Q’

c
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2.2©8ò#am�e� £o>».É (dissipative transformation): |δ| < 1

A =


 a b

c d


 (2.22)

δ = DetA = ab− bc = const. = λ1 · λ2 |δ| < 1 (2.23)

τ = TrA = a + d = λ1 + λ2 (2.24)

λ2 − τλ + δ = 0 (2.25)

↓
λ = τ

2 ±
[

τ2

4 − δ
]1/2

(2.26)

• 17áx: τ 2 > 4δ

Two distinct real eigenvalues, δ can be +ve or = ve.

δ > 0 → A = δ1/2AAP , AAP =


 a/δ1/2 b/δ1/2

c/δ1/2 d/δ1/2


 (2.27)

B = MAM−1 = δ1/2MAAPM−1 = δ1/2BAP (2.28)

B =


 λ1 0

0λ2


 (2.29)

1

1 λ1 > 1, λ2 < 1
0 < δ = λ1 λ2 < 1
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1

1 δ < 0,
0 < λ1 < 1, λ2 < 0

λ1

λ2

• 27áx: τ 2 < 4δ

Complex conjugate eigenvalues

δ

λ1 = α + iω =
√

δeiθ, λ2 = α− iω =
√

δe−iθ (2.30)

α, ω, θ: real, 0 < θ < π

B =


 α −ω

ω α


 =

√
δ


 cos θ − sin θ

sin θ cos θ


 (2.31)

Rotation + contraction
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• 37áx: τ 2 = 4δ

λ = ±δ1/2 (2.32)

B =


 λ 0

c λ


 (2.33)

shear + contraction: λ > 0

shear + contraction + reflection: λ < 0
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