
Chapter 1

First-Order Autonomous Systems

1.1 Dynamical Systems

#Q�"� /BNçß�_� �̧��H &h�[þts� r�çß�\� ����"f #Qb�G>� ����o���H��\�¦ l�Õüt���H

�̂>�

e.g. ÒqtÓüt�̂_� 7£xd�� �&³�©� (population dynamics)

���½̈7£x��Ö�¦ = Ø�¦ÒqtÖ�¦ - ��}©�Ö�¦

Ø�¦ÒqtÖ�¦: 1000"î
{©� B�K� Ø�¦Òqt���H Ãº

y: population

∆y

y∆t
t, y : integer (1.1)

t, y\�¦ z�́Ãº\� SX��©�

lim
∆t→0

∆y

y∆t
=

y′(t)
y(t)

: population growth (1.2)

1.1.1 ��*�× ë5Ñí5�ø5� �¿ÌfC: ��
Ça�j�	�·�+ ¤� ��	�·

∆y = αy∆t (1.3)

y′/y = α(const.) (1.4)

↓
y = y(0)eαt (1.5)
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Phase Flow

0<α
)(ty )(ty

t

)(ty

t t

0=α0>α

“Áºô�Ç7£x��”��H q��&³z�́&h�

σ: ô�Ç ��|ÃÐ {©� �ª�d�� /BN/åL|¾Ó (8̈��â
\� _�K�"f ���&ñ
÷&��H �©�Ãº)

σ0: ô�Ç ��|ÃÐ {©� þj�è �ª�d�� (7áx\� _�K�"f &ñ
K�t���H �©�Ãº)

σ > σ0 :���½̈7£x��

σ < σ0 :���½̈y���è

σ = σ0 :���½̈Ô�¦���

y′/y = a(σ − σ0) (1.6)

y = y(0)ea(σ−σ0)t (1.7)

1.1.2 Logistic Equation

Social friction: |9�#î


y�� η\�¦ �Å�#Q"f��� y���è, y�� ��ÅÒ ���Ü¼��� “Áºô�Ç7£x��” �̧+þA

y′

y
= c(η − y), c > 0 (1.8)
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dy

dt
= c ηy − cy2 (−cy2: Social friction) (1.9)

y′ = M(y)y (1.10)

M(y) :





M(y) = 0

M(y) > 0, y ' 0

M(y) < 0, y > η

(1.11)

1.2 1st Order Autonomous Systems

dy

dt
= v(y, t) (1.12)

v(y, t) = v(y) 5Åq�̧�©� (velocity field)

t− t0 =

∫ y

y0

dy

v(y)
(1.13)

y(t) = y(t− t0) (1.14)

t_� _��>r$í
: (t− t0) g1J�Ð [þt#Qçß���.

Potential �<ÊÃº, potential �©�

v(y) = −dU(y)

dy
(1.15)

v(y) = −y + y3 (1.16)

U(y) =
y2

2
− y4

4
(1.17)
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)(yv

y1

1−

2− 2

)(yU

y11−

v(yk) = 0s� ÷&��H &h�: yk = 0,±1, : fixed point

¿º ÂÒ1lx&h� ��s�_� open interval\� e����H phase points_� î�r1lx�Ér Õª ½̈çß��̀¦

#Á	#Q ��t� 3lwô�Ç��. s���� open interval�̀¦ invariant set

(−∞, 1),−1, (−1, 0), 0, (0, 1), 1, (1,∞) (1.18)
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• ½̈�̧&h� îß�&ñ
$í
: ẏ = v(y), v(y) = c y2

y = 0: ÂÒ1lx&h�

)(yv

y

v(y) = 0��� y = 0\�"f ×�æ��H�̀¦ °ú�l� M:ë�H\� îß�&ñ
�̧ Ô�¦îß�&ñ
�̧ ��m���.

w(y): bounded and differentiable function

v(y)\� εw(y) s�����H ����Ér [O�1lx�̀¦ ��Ùþ¡�̀¦ M: Ô�¦���|9�½+Ë_�

0A�©�s� Ô�¦���s���� ½̈�̧&h� îß�&ñ
s��� ô�Ç��.

v(y) = c y2, ṽ(y) = c y2 + ε (1.19)

∴ ½̈�̧&h� Ô�¦îß�&ñ


ε > 0: y = 0 ��H~½Ó\�"f ÂÒ1lx&h� (X)

ε < 0: y = 0 ��H~½Ó\�"f 2>h�� ����z��.
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• Structurally Stable System

v(x) = bx (b 6= 0) (1.20)

↓
U(x) = −b

2
x2 (1.21)

:0<b

:0>b

U

U

x

x

x

x0

0
안정부동점

불 안정부동점

v(x) = bx + ε (ε > 0) → U(x) = −b

2
x2 − εx

= −b

2
(x +

ε

b
)2 +

ε2

2b
(1.22)

:0<b

:0>b

x

x0

0

b
ε−

b
ε−

∴ Structurally Stable
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1.3 Two Variables 1st Order Autonomous Systems

ẋ1 = a1x1, ẋ2 = a2x2 (1.23)

���+þA, ���Ãºì�ro�

x1 = κ1e
a1t, x2 = κ2e

a2t (1.24)

κ1õ� κ2��H x1(t0) = u1õ� x2(t0) = u2�Ð ���&ñ
H�d

~x = (x1, x2), ~̇x = (ẋ1, ẋ2) (1.25)

~̇x = A~x (1.26)

~x → A~x\�¦ �:rä¼l� A : R2 → R2 (1.27)

{9�ìøÍ&h�Ü¼�Ð 1 $í
ì�rõ� 2 $í
ì�rs� ���½+Ë�)a �â
Äº A��H '��§>=.

ẋ1 = a11x1 + a12x2, ẋ2 = a21x1 + a22x2 (1.28)

~̇x = A~x, A =


 a12 a12

a21 a22


 (1.29)

Local properties��H ���+þA mapÜ¼�Ð ¶ú�(R4�§.
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